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PREFACE

The use of ion rockets for space propulsion poses the problem
of possible interference with communications to and from the space-
craft. The investigation reported on here was primarily carried
out in 1964. The initial orientation of the investigation was towards
a broad generalized approach that would quantitatively provide the
magnitude of the effects on the communication channel as a function
of the ion rocket properties and the ion rocket disposition. So as to
gain closure of this investigation and issue a report within the alloted
support, a great deal of truncation on various lines of inquiry had to
be made. Because of Quantum Engineering, Inc's. basic interest in
this area of activity, part of the support was provided by company
funds. A great deal of significant work remains for further investi-

gation,

The many useful practical suggestions and technical inputs given
by Gerald S. Levy and others of the Jet Propulsion Laboratory staff

during the course of the investigation are gratefully acknowledged.
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CHAPTER I: INTRODUCTION

1.1 Objective
The ion exhaust beam of an ion-rocket-propelled spacecraft may cause commu-
nication problems due to:
1. Signal attenuation,
2. Signal distortion,
3. Radio noise generation.
A preliminary assessment of the attenuation, distortion, and noise generation is
presented here. This information is needed to help answer such questions as:
1. For what ranges of ion rocket engine parameters, and under what circum-
stances, are communication difficulties produced?
2. Is it necessary to orient the spacecraft and antenna system so that signal
rays do not pass through the ion exhaust beam?
3. Is it necessary to turn off the ion rocket for various time intervals to
facilitate communication?
4, Can reasonable modifications be made in the design of the ion rocket so

that the ion exhaust beam does not present objectionable effects?

The most desirable solution would be an ion rocket engine design which did not
produce objectionable effects in the communication system. Then it would not be
necessary to provide an orientation-control subsystem to keep signal rays from pass-
ing through objectionable portions of the ion exhaust beam or to turn off the ion rocket
engine for various time intervals in order to facilitate communication. However, this
presupposes that such an ion rocket design would not have to sacrifice any significant
fraction of its desirable performance characteristics as a thrustor. Should the design
changes_required to mitigate communication problems compromise the thrustor
characteristics, a future more comprehensive investigation could optimize the trade-

offs for the overall mission objective.

QUANTUM ENGINEERING, INC.
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1.2 Preliminary Ion Exhaust Beam Model

Problem assessment requires the quantitative investigation of a methematical
model. Formulation of mathematical models requires anticipation of the system's
qualitative nature in sufficient detail. For quantitative determination of the atten-
uation, distortion and noise effects, it is necessary to know the properties of the
spacecraft, the ion rocket exhaust and the communication system. Where these
characteristics are insufficiently specified or known, it is necessary to make pre-

liminary assumptions.

This investigation requires a knowledge of both the ion exhaust beam and the
antenna beam characteristics. In comparison with characteristics of the ion rocket
exhaust beam, antenna beam characteristics are relatively well known. Studies of
plasma produced by ion engines have been primarily concerned with:

1. plasmas in the ion engine interior, which provide better understanding

of the functioning of the ion engine (Refs. 1, 2, 3 and 4),
2. the macroscopic neutralization process which takes place in a relatively
short distance from the ion rocket engine (Refs. 5, 6, 7 and 9).
These studies'have not been extensively concerned with the determination of the
properties of the ion exhaust beam after it has progressed any considerable distance
from the ion rocket engine. Experimental studies in laboratory vacuum chambers
are limited to a relatively short section of the ion rocket exhaust immediately

following the ion rocket engine.

In the present preliminary analysis, the ion exhaust beam is approximated by:

1. a cone with a small half-angle (depicted in Fig. 1.1),

2. an ion distribution which is homogeneous over a cross section perpendicular
to the axis of symmetry,

3. negligible ion-electron recombination.

QUANTUM ENGINEERING, iNC.
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Deviations from this semihomogeneous conical model of the ion exhaust beam
which may cause significant changes in the results are:
1. inhomogeneities in the beam, which may change the signal losses, the
signal distortion and the noise generation,
2. diffusion of the plasma from the main part of the ion exhaust beam, which

engulf the antenna.

1.3 Report Organization

The results are summarized in the chapters. The body of work is presented in
the appendices. Each appendix deals with one selected topic or subject area.
Required background material on the ion beams, propagation and plasma is given
in appendices B, C, D and E. The report organization is summarized in Fig. 1.2.

Two additional appendices A and L present notations and references.

QUANTUM ENGINEERING, INC.
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CHAPTER II: SIGNAL STRENGTH REDUCTION BY THE ION EXHAUST BEAM

2.1 Introduction

A plasma scatters and usually attenuates electromagnetic waves, Under
certain conditions, the plasma can also amplify (negatively attenuate) electro-
magnetic waves. In general, it is necessary to consider together the effects
of attenuation and scattefing. Conventional boundary-value -problem techniques
are adequate for analyzing a few simple cases. An integral equation approaéh
is required for the general case. A much simpler approach is provided by
geometrical optics, if the radii of curvature and other dimensions involved are
large compared with the wavelength. A preliminary assessment of the applica-
bility of the geometrical optics ray concept can be made by comparing the ion
exhaust beam radius with the signal wavelenth. The beam radius, b, normalized

with respect to A, the signal wavelength, is expressed as

B-66 (1) b _
>\=13.7cmi A

where
A
Pb (power
s def . _ . . .
— I (2) i = the ion exhaustbeam( ion current density .
Isp specific impulse

Here, a wavelength of 13.7 cm has been used. Since the frequency band of
interest (2.1 to 2.3 G¢) is small, the use of the mean wavelength in Eq. (1) gives
a result which adequately represents the entire band. Fig. 2.1 depicts the ion

exhaust beam exit radius dependence on specific impulse for various power levels

and current densities. Entering the curves at the point specified by

¥ The arrow bookkeeping notation at the leit of the equation numbers is explained
in Appendix A.

QUANTUM ENGINEERING, INC.
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gives a beam radius to 2.4 wavelengths at the ion rocket exhaust plane. Thus for
ion engines'needed for distant interplanetary fnissions, Fig. 2.1 shows that the
beam diameter at the exhaust plane is large compared with the wavelength; hence,
the ray approximation is fairly good. The ray approximation bécomes better at
greater distances ftr,om the ion rocket because of the ion beam expansion. For
sufficiently large iQ?} rocket engines, the ion exhaust beam will probably be a
cluster of beams, rather than a single uniform circular beam. For large ion
rockets, the individual beams in the cluster will probably have a fine structure,
consisting of an array of smaller circular beams or of hollow concentric beams.
As the ion beams recede from the rocket engine, they merge together, giving

a more homogeneous beam. In this preliminary investigation, the entire ion

exhaust beam is considered as uniform over each circular cross section.

2.2 Ray Theory Approximation

The size of the ion exhaust beam diameter, compared with the signal wave -
length, indicates that ray theory can be used for a good first approximation. In
terms of ray theory the reduction in signal strength caused by the presence of the
ion exhaust beam between the transmitter and receiver antennas is caused by:

1. absorption during transit through the plasma

2. interface reflections

3. change in signal beam cross section due to refraction

4. signal beam divergence.

-
Private communication from D. ]J. Kerrisk.
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The absorption losses which reduce the signal strength are caused by the
collision between the plasma particles, and by incoherent scattering. In the geo-
metrical optics approach, the coherent scattering is accounted for by means of

reflections and refractions.

The power reflected at each interface is considered as lost in the first
approximation. Successive reflections can cause part of the reflected power to be
recombined with the main signal beam. However, phase interference effects may

weaken, as well as strengthen, the signal beam.

The cross-section area - a signal beam changes upon refraction through
an oblique interface. The change in signal beam cross section alters the signal
¢ rength density (Poynting's vector). This change is an increase for propagation
into a region of lower refraction index, and a decrease for propagation into a

region of higher refractive index.

The ion exhaust beam surface curvature and the spatial variation of refractive
index cause the rays passing through the ion exhaust beam to diverge. This
divergence reduces the signal intensity and, hence, reduces the signal strength
with distance. In the geometrical optics approach, the divergence due to diffrac -

tion is neglected.

The ray theory becomes cumbersome when it is necessary to include the
multiple internal reflections, giving multiple -signal beams, which must be added
to obtain the total fields. If the plasma is sufficiently tenuous, the rays produced
by higher -order reflections are sufficiently weak and, hence, can be neglected.
In this case, the ray theory need only include a single ray. However, if many
rays must be added, it may be easier to treat the problem by another method.
Inclusion of more than one reflection, in order to obtain a reasonable accuracy,

may be required first (if at all) in the section having the greatest density, which

QUANTUM ENGINEERING, INC.
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is the section of the ion exhaust beam immediately adjacent to the ion rocket

engine.

The effect of the ion exhaust beam on the transmitted signal strength

_SM,_@) p = the power intensity

is expressed in terms of

T, r . .
s def Al ‘the beam interior
Symgaet .
) = the power transmission factor through
TP &a.n interface )
s def . _ . .
——E’l——e,- (6) TS = the signal beam convergence ratio
and

-M(?) G = the antenna gain

by

P G(e 0, )

F-25 o
—_—8) — = T T T T
® 5 AT T Ts Goog)

where

6 | polar
—symdel, () = the signal ray angles

@ azimuth
and

(0 ‘

i ! input

__smig_%__ (10) designates
) output

QUANTUM ENGINEERING, INC.
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Each of the factors in (8) which relates the signal intensity with the ion exhaust
beam interposed to the signal intensity without the ion exhaust beam interposed,
accounts for a separately computed affect. Each of these are individually examined

in the next several sections.

2.3 Attenuation Transmission Factor

The power lost by the signal beam traversing the interior of the ion rocket

exhaust beam is accounted for by the attenuation transmission factor

_8_2’—7'(11) TA = exp(-ijad{> = e

where « is the attenuation factor. Appendix G treats the problem more generally,
but foy the special case in which the signal ray passes perpendicularly through

the ion exhaust beam,

94311 P

G-103 (12) 24, = bb
: i
1 §1-10.7 £
P x} sp
For the Jupiter Orbiter example the attenuation is only about 7.6 x 10-4 db.

Consequently, the attenuation due to electron collisions is completely negligible
for ion rockets anticipated in the near future. However, it must be specifically
noted that, if the ratio of specific impulse to ion emission current density becomes
too low (which is equivalent to the condition in which plasma resonant frequency
is not sufficiently below the signal frequency), or if the signal frequency is lowered

too close to the plasma frequency, the attenuation can reach large values.

\

QUANTUM ENGINEERING, INC.
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For the specific case in which the signal ray enters the ion exhaust beam
cone and does not exit through the conical surface, the attenuation is related to

that for the perpendicularly traversing signal ray by

G-92 _ A
—_— (13) AHS = aweh .

The subscript S designates that tﬁe signal frequency is sufficiently above the
plasma resonant frequency that the index of refraction of the ion exhaust beam
can be approximated by unity. If the beam half -angle is greater than 9.6 deg.
then A g is greater than A ||S The ion rocket beam divergence angle remains
to be determined in terms of the ion rocket parameters and the distance from

the ion rocket.

2.4 Interface Power Transmission Factor

The signal ray loses power by reflection upon entering, as well as upon
leaving, the ion exhaust beam. The power transmission factor is related to
the reflection coefficient by

D-80,energy
conservation (14)

Tp = 1- 'll';‘, .
The transmission loss per reflection,in db,is given by

14 _ )
—=—(15) Ty, 8.74n(1-T) -

As shown by Figs. D. 3 and D. 4,the power transmission coefficient and hence
the reflection coefficient are slowly varying functions of the incidence angle, except
near the critical angle. Consequently the losses due to reflections can be

exemplified by the normal incidence case, except near the critical angle

QUANTUM ENGINEERING, INC.
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which will be considered separately. For normal incidence, the power reflection

coefficient is given by

.2

H-16 h
— = 7,

16 I .08

sp

for the cases of interest. Since the power reflection coefficient is small compared

to unity for the cases of interest,the first term in the expansion

2 3

RE3(607 (17) 4nx = x-)—2(~+)§{--"- x2<l & x=1
can be used to simplify the expression for the power transmission loss to
i2
15 b
———+ 18 = - . —
715 a8) Ty 61.6 2 .
sp

Twice this amount is graphically depicted in Fig. 2.2. The Jupiter orbiter design
parameters with the simplified ion exhaust beam model, gives an attenuation due

to reflection of only 0.02 db. Although this loss is not serious, a practical ion
rocket exhaust beam will have a complex internal structure which may increase

the loss due to reflections by an order of magnitude or more. For large reflections,
Eq. (18) is not valid because of the approximations involved. The loss due to
reflections is many orders of magnitude greater than that due to electron collision

in the region of interest if the signal frequency is sufficiently above the plasma

frequency.

For nonnormal incidence, the power trahsmission factor decreases with
incidence angle for transverse electric polarization, but may increase at first
for transverse magnetic polarization. However, as the incidence angle approaches
the critical angle, the power transmission factor rapidly drops to zero. At and

beyond the critical angle, the signal ray does not penetrate the ion exhaust beam.
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As a result, there is a s;)lid angle within which the signal ray is completely
blocked by the ion exhaust beam. The magnitude of this solid angle indicates
the seriousness of this effect. The maximum angular range (in the plane con-
taining the ion exhaust beam axis of symmetry) over which the signal rays are

blocked is given by
__..___?..H =37 19) 6gp = %+ % radians .

The difference between the maximum blocking angle and the ion exhaust beam
half -angle is the normalized plasma frequency which, in terms of the ion rocket

par«eters, is expressed by

o

H-39

w
~(20) 6 -6 = o = 3.26 T .

This relationship is shown graphically in Fig. 2.3.

The fraction of the ion exhaust which blocks the signal rays in the plane per-

pendicular to the axis of symmetry is given by

b i
—H2 ooy 2R - s>

sp
The geometrical interpretation of the fraction and a graph of its behavior are
given in Fig. 2.4. For an actual spacecraft configuration, the total solid angle
within which signals are blocked also depends on the location of the antenna, and

remains to be determined.

The solid angle over which reflections significantly reduce the signal ray
power is only a little larger than the solid angle over which the signal ray is
entirely blocked. Fig. 2.5 depicts an approximate three dimensional view of
the blocked region caused by the ion éxhaust beam. If this solid angle is so large
that diffraction effects will not adequately fill the hole in the antenna pattern caused

QUANTUM ENGINEERING, INC.
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by reflections, then it will be necessary to orient the spacecraft and antenna system

so that the signal beam and the ion exhaust beam do not intersect.

2.5 Signal Reduction due to Beam Spreading

The signal ray also loses power intensity by the defocusing effect of the ion
rocket exhaust beam, The special case for which the signal rays are in the plane

perpendicular to the ion exhaust beam axis of symmetry is given by

1-37,1-1,1-3 1 b, b, -bcosy
~(22) S, = =/ = 142 —
1-24 @ Tse b ) 772
\Jn (b” - 2bb_cos¢+ b“) -b” sin“6
a a a
ba-bcosgo

B bacostp-b st

The special case for the signal ray passing through the axis

b
I-38 a,l

=1 — — -

—_—=(23) S¢(O) l+2b (n 1)
for ion exhaust beams of interest

bi
140, 4 s 0 = 1=10.62 32
© bISp

is plotted in Fig. 2.6, These curves show a power intensity decrease of 2 to 3 db
(and more) in the region of interest. This is a serious loss, particularly considering

that these curves represent only lower bounds,

QUANTUM ENGINEERING, INC.
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CHAPTER III: SIGNAL DISTORTION

3.1 Introduction

The probability of exrrors being introduced into the transmitted information
increases as the ratio of distortion level to signal level increases. Signal distortion
results whenever the transmission channel causes the different frequency components
of the signal to have different relative amplitudes and/or different relative phases. The
distortion can be caused by extensive properties of the transmission channel which
cause mulitpathing: i.e., signal rays arriving at the receiver from different directions.
The distortion can also be caused by the intensive properties of the medium, determined
by the particle densities and collision frequencies, which cause the different frequency
components to propagate with different phase velocities and different attenuation factors.

Only the latter cause is investigated here,

3.2 Phase Distortion Index

The analytical formulation of distortion is given in Appendix J. For relatively
narrow-band signals, amplitude distortion is likely to be small compared with phase
distortion. A phase distortion index is defined in terms of the Taylor expansion

remainder after the linear term of the transfer function phase characteristic by

2
_-_tSI_;.(l) V. = K R, [T(w)
D 52‘ 2
where
fo carrier frequency
—Eﬂ—n—d—ef—r(Z) = the signal .
B -~ \bandwidth

Small phase distortion requires that the inequality
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J-53

be satisfied.

3.3 Distortion Index for a Ray Perpendicular to the Ion Exhaust Beam Axis

A preliminary and representative estimate of the range of conditions over which
phase distortion is negligible is obtained for the case of the signal ray passing through,
and perpendicular to, the ion exhaust beam axis. For this case, the phase distortion

factor is expressed by

£2572
J-65 @ - _mL p o
: D s (- fzf_z) 572
p o
where
sym def =~(5) L = signal path length through plasma.,

For ion engines that appear likely to be built in the next decade this reduces to

f2
-68 | _ _Thb
—B—e Y, = F
ofo

In terms of the ion exhaust beam properties this is

i 12 [P 1
169,y w. = L:.82x10 {Po'b .
D 1 2
0 I
sp

Using the center frequency for the specified frequency band gives

P i

— 70 .6 v, = -s30L D>
I

D
Sp
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Consequently, the maximum value for the phase distortion index for the Jupiter orbiter

examples is given by
[-72 _
(9) WD - 0 . 5 o
The minimum carrier frequency to the bandwidth ratio for consideration is

f
!—73 (10) ’Bg" - ll .

Consequently, the inequality, (3), is more than satisfied thereby making distortion

insignificant for the next generation of comtemplated ion engines.

QUANTUM ENGINEERING, INC.
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CHAPTER IV: NOISE GENERATION IN AN ION ROCKET EXHAUST BEAM

4,1 Introduction
The basic source of noise in the ion rocket exhaust beam plasma is the radiation
from electrons accelerated by the positive ions, This process is called bremsstrghlung.
Since the collision interactions of the electrons and ions are random, the bremsstrahlung
radiation is incoherent, and hence is noise. The noise energy generated by brems-
strahlung can be greatly increased by:
1. Up-conversion through various nonlinear process which can occur in
the plasma
2. Amplification via growing-wave phenomena, which can also occur in a
variety of modes in the plasma.
These processes may produce sizable fluctuations on a scale which is large compared to
the charged particle nearest neighbor spacing but small compared to the dimensions of
the ion exhaust beam. The noise radiation from these small scale fluctuations may be
substantially greater than the basic bremsstrahlung radiation. Consequently, even if
the noise directly generated (in the band of interest) by bremsstrahlung were completely
negligible, the possible growing-wave, up-conversion and intermediate scale fluctuation
processes may cause an objectionable amount of noise to be present, and hence should

be investigated.

4.2 Spectral Power Generated by Bremsstrahlung per Unit Length of the Ion Exhaust Beam

A preliminary estimate of

_smief_?_ (1) P1 g = the spectral power generated per unit
length of the ion exhaust beam

is given in terms of the estimated ion exhaust beam cross section area and the estimated

spectral power generated per unit volume by

QUANTUM ENGINEERING, INC.
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In terms of the ion beam cross section area,

B0 o3 A = m

and the noise power generated per unit volume for the frequency range of interest,

2
K-164 -52 n 3
.—.___>- = . —— .

4) py 2.84x 107 $—4n3.5x 10°V_

the noise power per unit length of ion exhaust beam is given by

2 -52 n%b? 3
—1—’—4—>-(5) Plf = 8.,92x 10 T.;—{n 3.5x 10 Voo watts/Hz/unit length.

Expressing the radius and ion density in terms of beam power, current density and

specific impulse gives

P i
B-55,B-66_(5) %% = 1.873x10% BB |
Iszp

Consequently, the noise generated per unit length by bremsstrahlung is given by

-12 P, i
———5—)—(7) P = 1.67 x 10 bb{n3.5x103V
6 1f 4 (o0}
V.1
0 “sp

A range of relative electron energies from 1 ev to 0.1 ev is taken in order to give a

numerical indication of the dependence on this parameter,

w
9.77 P, i 0.1
7 -11 'bb .
——>=(8) P = x 10 watts/Hz/unit length,
1f 1.36 13 1.0

sp

This is graphed as a function of ion current density for the Jupiter orbiter example
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= 2.41x10711 watts-sec.”?

and another example having one third the specific impulse

Pb = 500 kw
I__ = 4,000 sec. P ) )
P » (10) f = 1,95x 10 9 watts -sec. 4 .
sp
Thus
Voo
0,1 1,0 Ispsec
8 191  26.5 | 21 4, 000

—_—>~(11) P = x 10 i, w/Hz/unit length .

9,10 1£ 2.35 0.328 b 12, 000

This is graphed in Fig, 4.1,

4.3 Comparison with Thermal Noise

In order to obtain some appreciation for the significance of the noise power gen-
erated by bremsstrahlung, a comparison is made with available spectral noise power

from a resistance

R4-1:259

RAL29 12) Pypg = KT = 1.38 x 10723

T w/Hz .
The temperature that a resistance must have to give a specified spectral power is,

hence,

—22 03 T = 7.25x107p %

A temperature scale based on this relationship is placed on the right-hand ordinate
of the graph in Fig. 4.1. For the Jupiter orbiter example, an ion exhaust beam having a
specific impulse of 12,000 sec., a power of 500 kw, a current density of 15ma/cm2, and
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.

relative electron kinetic energy with respect to the ions of 0.1 ev would produce

3.5x 10"19 w/Hz/m of ion exhaust beam. If all this power were absorbed by a receiver,
it would be the same as that supplied by a matched resistance at 25, 600 K. If the
relative electron kinetic energy were lev, the noise generation would reduce to

Sx 10"20 w/Hz/m, which corresponds to a resistance temperature of 3, 560 K. This
effective temperature is large. If this temperature were low, the bremsstrahlung alone
would not be of significance. But since it is not, it is necessary to determine the actual
amount of noise power accepted by the receiving antenna. Note that the bremsstrahlung

noise power density generated per unit length of beam varies with position, hence

- decreases with increasing distance from the spacecraft. Note also that the presence of

up-conversion, amplification via growing waves, and intermediate scale fluctuations
could increase the noise level by many orders of magnitude. As a consequence, further
work is required before an adequate assessment can be made of the noise power gen-

erated by the ion exhaust beam.

4.4 Comparison with Black Body Radiation

Black body radiation provides another comparative index., For the long wavelength-

of interest the spectral power radiated per unit area of black body surface is given by .

Rayleigh-

Jeans Law (14) dB = Z%KI_‘-dA wattsm-z .
A

In terms of this

——Sm-ei»(lS) Wf' = the spectral power emittance (power/unit area/Hz)
is given by

1415 o e w. = A o 2MCKT AN g2 ]
— f T @ T 4 |af -
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Using

C-124 dA c
— s - <
(17) IH‘A 2
gives
——%——%(18) W, = 2—”%(1 watts m 2 Hz~
A

Using the wavelength at the center frequency in the band of interest gives

18

. 21
X=0.1363m, 12

(19) W. = 338kT = 4.67x1021T watts/Hz/m? .

f

Comparing this with the available spectral power from a resistance shows that the area

required to deliver the same power at the same temperature,

P
215 o o) A = B W’ o
f
is given by
20 1 -3 _2 2
—_——— = = =
9.1z (21 A 138 2,96x 10 °m 29.6cm

The spectral power that would be radiated by a cylindrical black body of unit length

is given by
15
_—_+ =
(22) PBlf 217be

For the Jupiter orbiter example the radius at the exhaust plane is given by

B-66 _
—33—>(23) b, = 0.3lm.
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Consequently,

21
—_— = 1,
2 24) Py 1.95W,
and hence
—2 (@5 Py = 9.1lx 1021 T watts/mZMz .

In this case, the equivalent black body temperature required to radiate a specified

spectral power is given by

2 s @26 T -= 1.1x102°pf

and is approximately two and a half orders of magnitude less that the .temperature
given by (13). Consequently the bremsstrahlung noise radiation from the ion exhaust
beam for the Jupiter orbiter example is of the same order as that from a black body

at a temperature of 100 oK.

4.5 Comments

The amlyéis of bremsstrahlung in the literature, which presents readily usable
results, rests on approximations which lead to improper integration at both the upper
and lower limits, The more exact treatment presented here eliminates the singu-
larity at the upper limit without' resorting to any cutoff mechanism including those
provided by a more detailed knowledge of the plasma behavior. The singularity at the
lower limit is eliminated by considering the extended structure of the electron as a
quantum mechanical wavepacket. This approach gives a lower limit more directly deter -
mined by the electrons momentum rather than by its energy, as is usually done in the
literature. As a consequence the noise radiation appears to be substantially lérger

under some circumstances of interest here. While comparisons of bremsstrahlung

QUANTUM ENGINEERING, INC.
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generated noise power in the ion exhaust beam, with noise from a

1. resistor

2. black body
may appear somewhat arbitrary, it does provide a relative orientation. If the brems-
strahlung generated noise is insignificant by comparison it can be neglected; however,

the converse statement cannot be made,

If the noise due to bremsstrahlung is significant, then its directional properties
and polarization become important and should be examined since the communication
signal is affected according to its polarization and the antenna pattern orientation.

These properties are a consequence of the streaming motion.

QUANTUM ENGINEERING, INC.
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CHAPTER V: CONCLUDING REMARKS

5.1 Results

The results obtained are considered preliminary because of their partial coverage

of the subject, and tentative because of the approximations involved. Under the condi-

tions considered, the principal results may be summarized as follows:

1.

The signal loss via attenuation in the ion rocket exhaust beam (due to electron-
ion collisions) is negligible for contemplated ion rocket engines, provided that
the signal frequency is sufficiently above the plasma frequency. This is the
case with 2.1- to 2,3~ Gc frequency band and the chosen design parameters
for the Jupiter craft.

For the semihomogeneous ion exhaust beam model, the signal ray losses for
normal incidence are several orders of magnitude above the electron collision
losses in the parameter ranges of interest, but are still sufficiently small to
be neglected. However, the ion exhaust beam internal structure for practical
ion rockets may cause' reflection (or scattering) losses which are one or more
orders of magnitude larger. For nonnormal incidence, the signal rays en-
counter a solid angle or area within the ion exhaust beam which completely

blocks transmission.,

" The reduction in signal power intensity due to spreading of the signal beam

which passes through the ion rocket exhaust beam has a lower bound of a few
decibels at the exit plane of its Jupiter craft example.

Distortion is negligible vwith the signal frequency substantially above _the plasma
resonant frequenéy for normal operation, and for the case in which the signal
ray is perpendicular to, and passes through, the axis of symmetry of the ion
rocket exhaust beam. Any other case of signal ray orientation is not expected

to make distortion significant,
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5.

v

»

The bremsstrahlung noise power generated per unit length of ion exhaust beam

may be significant in the frequency band of interest. To verify this result, the ‘
analysis must be pursued in greater detail. Up-conversion,amplification pro-
cesses and intermediate scale fluctuations may increase the noise level by many

orders magnitude and thereby present a gerious noise problem.

5.2 Operational Recommendations

1,

5.3 General Recommendations for Further Work

Orient the spacecraft and antenna system so that signal ray directions of interest
do not pass through the dead blockage region or the strong divergence region of
the ion exhaust beam.

Program ion-rocket off-time for communication use if gross attenuation and
noise generation cannot be adequately mitigated without significant degradation

of the ion rocket propulsion capability.

1.

2.

6.

Design critical experiments to verify predictions.

Determine a more realistic model for the ion rocket exhaust beam by including
the effects of diffusion and recombinations.

Using the more realistic ion exhaust beam model, particularly the alteration of
sharp boundaries to diffuse boundaries, determine the effect on the signal strength
reduction,

Determine the added reflection and scattering losses due to multiple emitter
design of the ion rocket engine.

Improve the bremsstrahlung noise generation analysis and take into account the
radiation pattern and polarization characteristics caused by the anisotropic
velocity distribution,

Determine the amount of noise generated by nonlinear up-conversion, growing' ‘

wave amplification and intermediate scale fluctuation processes.

QUANTUM ENGINEERING, INC.
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7. Determine the extent of the antenna detuning by the proximity of the ion exhaust
beam, particularly by the diffusion of plasma into the near field region at the
antenné.

8. Determine the effect of diffusion from the ion exhaust beam on the antenna break-

down properties,
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APPENDIX A: NOTATION

A.1 Development-Tracking Notation

A special notation scheme is employed to increase the
case with which mathematical developments can be fol-
lowed and, simultancously, to simplify the process of
committing them to written form with adequate detail.
Arrows are placed to the left of each equation number to
serve as a bookkeeping aid for the equation derivation.
The information above cach arrow designates the prin-
cipal source or sources from which the equation origi-
nates. The information below the arrow refers to auxiliary
sources of information or special conditions substituted
into the primary sources in order to obtain the equation.
Examples of the equation bookkeeping scheme, where
the principal information source is one or more other
equations, are given in Table Al.

Examples of the arrow bookkeeping scheme, where the
principal source of information is not another equation,
are given in Table A2.

Material from other documents or papers are indicated
as in Table A4.

Table A3. Bookkeeping scheme when source equations
are in other Sections

Example Meaning
9
—_— {12) (12) is obtained from Eq. (9) in the same
Section {or Appendix)
I1t-9 .
{12) {12) Is obtained from Eq. (?) in Section IlI
F-9
———— (12) {12) is obtained from Eq. (9) in Appendix F

Table A2. Bookkeeping scheme when sources
are not equations

In each Section (or Appendix), the equations are Exemple Moaning
independently numbered, starting from (1). Equations Fig 1
g 3 {3) is obtained from the information in
in the same Section (or Appendix) are referred to by @ P
number only, whereas the numbers of equations in a s
different Section (or Appendix) are preceded by the Table 3 (12) | (12) is obtained from the information in
Section number (or Appendix letter). This is exemplified Table 3
in Table AS8.
causality N . .
Table Al. Bookkeeping scheme when principal sources 2 (2) is a bosic cause-and-effact relationship
for equations are in same Section name
(5) (5} is ‘s (nome) law or equation
Example Meaning
9 . . . 14 analog (72) {72) is obtained by a development anaiogous
R (12) (12) is obtained by vsing (10) and {11} in (9) to the way in which (14) is obtained
sym def . .
1+ 8 (4) {4) is a symbol definition
—_— (9) {?) is obtained by adding (1) and (8)
phys def . 2 iee
> (6) {6) is a physical definition
]7 :_ 9 . . e & te
(31) {31) is obtained by dividing (17) by (9) geom def 8) {8) is a geomatrical definition
9 ’ con def 7| (7) is a conceptual definition
(12) | {12 is obtained by substituting {11} into ?) s @ concep
10/1 (10) and that resuit into (9) . . :
identity . .
[{4] {9) is an identity
19 . . . — linearity
—> 1) (41) is obtained by substituting y = 3 into (13) {13) is obtained by linear superposition of
y=3 {(19) component parts
8 ) b Table A4, Bookkeeping scheme when sources
S<<t {26) {26} is obtained from {8) if o << are in other documents
12 Example Meaning
(27) Part one of (27) is obtained by substituting Ref 31132 .
17,19 {17) into (12) and o (12) | (12) Is obtained from page 132 of Ref. 3
Part two of (27) is obtained by substituting Rl 56
(19) inte (12) b 3(6-73) (8) (8) s obtained frdm Eq. (6—73) of Ref. 5
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A.2 Physical Constants

RA2:591
s (1) €,
RA2:591
—————
@ B
RA2:591 (3) c
RA2:591 (4) o
RA1:7-3
() m,
4 — 5 e
— O &
e
RA1:7-3
7 M,
RA1:7-3 @) m
p
14 — 5
—_—(9) mp/me
RA3:F-81 (10) g
Lat 50°
RA1:7-3 (1) h
RA1:7-3 (12) K
RA1:7-3 (13) 5
RA1:7-3
—_—
(14) NA

Wy n

ny

Quantity

8.8552 x 10 12

3'(137 X 10_9

farads/m

farads/m

417 x 10—7henries/m
1.2566 x 10 ®henries/m

2.9978 x 108m/sec

1.6020 x 10-19coulombs
4.8028 x 10" %esu

9.1085 x 10 kg

1.7594 x 101 l(:oulombs/kg

1.6598 x 10 * kg

1.6724 x 102 kg

1,836

9.8107 m/sec>
32.187 f‘c/sec2

-34.
joules-sec

6.6251 x 10
4.1355 x 10 ey -sec

6.6251 x 10 % erg-sec

1.3805 x 10_23joules/deg
8.6170 x lO_Sev/deg
1.3805 x 10™®erg/deg

5.6697 x 10" 2w/cm(deg K)*

6.0248 x 1023molcculcs(g-mole)
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Name

vacuum capacity .

vacuum inductivity

vacuum speed of light

electron charge

electron mass
charge/mass ratio

mass of particle with
atomic weight one

proton mass

proton to electron mass

acceleration of gravity

Planck's constant

Boltzmann's constant

Stephan-Boltzmann constant

Avogadro's number ‘



A.3 Set Notation

Highly repetitive expressions which have a similar structure can be expressed
with a substantial savings of reading, writing and abstracting time by the use of

set brackets, { } For example:

Set Notation Long Hand Notation

{Xi] l < i < N Lo e o XI,XZ,X3’X4’ ooy Xn, ¢ o0 XN

n = x+\1x2+y2

x = \]-x-l',[ xz+y2

i incidence i the angle of incidence
{} = the angle of
by efracti T

A.4 Matrix Notation

o e

1

the angle of refraction

If the members of a set can be specified by an address, they can be illustrated
as a table. Sometimes it is convenient to omit (but understand) the lines which
compartmentalize the table into sections designated by the various addresses.

Varying degrees of this are illustrated by

- -
Al A TY A A Al A Alp A
Ayl Bga| = [Ag1 Aol T [Rg1 Aoz T P21 Poaf T A2 B2 | T :
Agp| A3y Az Agy Ag) Agy Ag Agy Agy Agg
Corresponding shorthand notation is given by
table of A = [K] = Exiﬂ = llagll = 4y = [A; = A .

A table is a matrix and the commonly used notations are the third, fourth and fifth illustrated

above. These commonly used notations are unfortunate from the standpoint that the

QUANTUM ENGINEERING, INC.
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same type of bracket symbols also have other meanings. The last notation on the
right is advantageous because it has the greatest degree of consistency with the
fundamental principles which govern choise of notation:

1. parsimony

2. clarity

3. neatness

4. minimum usage for other purposes

5. flexibility for generalization.

For example,

xN].03 1.2 1 ‘
1| 3l 26

table of f(x,y) = |1.5[3.7 0.7| = - L.5|3. = [Ty’ = fx.y)
2 0.2 -18 5

A.5 Vector and Dyad Notation

Bold face or Clarendon type utilized in books, for representing vectors are not
practicably available for handwritten or typed material. The many notations such
as bars, arrows, asterisks, etc., which may be placed over or under a symbol to
to designate that the symbol is to represent a vector are all unsatisfactory because
of the multiplicity of different meanings for such symbols. A much neater and
ambiguity -free notation for the representation of printed or typed vector symbols
is a vertical stroke integrated into the symbol to make it appear as a single symbol,
instead of a combination of two symbols, and also make it simulate a bold face
symbol, for example:

abcd e fhffkIlmmnoePqurstuvwxyzZ

ABCDEFGHIJKLMNOPQRSTUVWX Y Z
The major exception to this notation form, the unit vectors, are designated by a
unit body symbol and with the approprate subscript. For example

b = bx1x+by1y+bzlz = b 1 +b916+b<p1¢p

Dyads are written the same as vectors but with two dots inside the bold parts.
Unit dyads are designated by a unit symbol with two subscripts.

example z Z ij 1_]

i=1 j=1
QUANTUM ENGINEERING INC.
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A.6 Operator Symbols on the Body-Symbol Level

J integral | absolute value
z sum || determinant
d differential (7  average
o} partial derivative L angle
o} o partial derivative with respect to o 13/— nth root
A difference, deviation ® real part
v del d imaginary part
. dot product Rn remainder after nth term
X cross product > greater than
~ approximate >> much greater than
/ not
+or/ divide by
A.7 Symbols Placed over the Body Symbol
: derivative with respect to time - maximum value
- average - minimum vlaue
- transform v complex quantity
A.8 Superscript Symbols
y functional or operator inverse 1 first order or degree
* complex conjugate 2 second order or degree
' derivative with respect to the E E wave
argument
o degree H H wave

QUANTUM ENGINEERING, INC.
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A.9 Subscript Symbols

n

|

g o o a 6 W o b

®

I 5

value giving maximum

value giving minimum

parallel
perpendicular

per unit

region-1, part-1, term-1

region-1, part-2, term-2

antenna
attenuation
beam
blocked
collision
critical
delay

double

Debye
distortion
electron
electric field
half
magnetic field
ion

incident
input

kinetic

material

QUANTUM ENGINEERING, INC,
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w W W R

" w»n wn

6

neutral particle
output

plasma
potential
power
relative
refracted
radial component
reflected
reception
species
surface
special
spreading
specific
transmission
vacuum

X ~component
y -component
z -component
6-component
power density
P -component
¢ -component

solid angle




A.10 Latin Body Symbols

T T Q@ ot E e U0 R W wWO T e

e = M e =t e g e

CEH U ~ ~ R

Q

distance from antenna

area

attenuation

collision parameter

beam radius

bandwidth

normalized radial distance
magnetic flux density (scalar)
magnetic {lux density (vector)
spe of light

clectric flux density (scalar)
electric flux density (vector
electron's charge

electric field intensity (scalar)
electric field intensity (vector)
frequency

function

any field function or component
free fall acceleration

antenna or radiator gain
Planck's constant

magnetic field intensity (scalr)
magnetic field intensity (vector)
incidence angle

current density (scalar)
current density (vector)
current

impulse

V-1

particle flux density

particle flux

Boltzmann constant
normalized ion beam parameter
angular momentum

length

length

length vector

ANTUM ENGINEERING, INC.
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meter

particle mass

mass

refractive index
number density
number

power intensity(scalar)
power intensity(vector)
particle momentum
power

particle charge

charge

radial coordinate
refraction angle
radius

position vector

radial distance
remainder

normalized ratio
spreading factor
surface area

surface vector

tangent

time

time interval, period
transfer function
thrust

temperature
transmission coefficient
speed

velocity

phase speed

voltage

energy in electron volts
energy '
weight



Latin Body Symbols (Cont.)

X

y
z

rectangular coordinate
rectangular coordinate

rectangular coordinate

A.11 Greek Body Symbols

T > Y X ®3 A D O HR DR R

attenuation factor
attenuation factor vector
phase factor

phase factor vector
Euler constant (0.5772)
reflection coefficient
deflection angle
incremental change
capacitivity

normalized z -coordinate
normalized y-coordinate
polar coorcinate
absorption index
wavelength

volume

permeability

A. 12 Composite Symbols

<

T O 3 3 3 wm

°©

D £ e =X 6 1 Q9

charge number
characteristic impedance

normalized z -coordinate

collision frequency

normalized collision
parameter

power density scalar
Poynting's vector
3.14159 ...

charge density

cylindrical radial
coordinate

cylindrical radial
vector

conductivity

collision cross section
time constant

aximuth corrdinate
susceptibility

phase coordinate
distortion index
angular frequency

solid angle

Composite symbols are defined in the text where first introduced. Because of

the large number of them and their restricted usage they are not redefined here,

with the exception of the more universal of the composite symbols which are listed

below. In general however their meaning can be directly obtained from that of

the body symbol together with the sub and super scripts given in the previous sections.

amp
cm
Cs
Hz

I
sp

ampere Iu
centimeter K g

i K
cesium y
Hertz

specific impulse ‘

QUANTUM ENGINEERING, INC.
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APPENDIX B: ION ROCKET EXHAUST BEAM PROPERTIES

B.1 Introduction
Propulsion device characteristics normally considered by the ion rocket

 designer are: specific impulse, thrust, power, beam voltage and beam current.

" Not all of these are independent nor are they always specified.

Communication with an ion rocket driven spacecraft can be affected by the
densities and collision frequencies of the constituent particles of the ion exhaust
beam; hence, it is necessary to know these quantities to predict the effects of the
ion exhaust beam on communications, For some purposes it is also necessary

to know the distribution functions for the constituent particles.

The objective of this appendix is to provide simple formulae and charts

which give the needed information in terms of moxre readily available information.

B.2 Mechanical Variables

The flight time is primarily determined by (Ref. B.1)

%
—E}Mf—)(l) T = thrust

and the terminal mass is primarily determined by (Ref. B.1)

sym def _ 5y I, = Specific (weight) Impulse.

These two quantities are the most direct measure of the thrustors propulsion

capability.

B.3 Specific Impulse

The total momentum ejected is called

¥
See Appendix A for an explanation of the arrows and associated notation to the left
of the equation numbers.
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sym def »(3) I = Impulse.
In terms of -

sym def >~(4) M = the total mass ejected
and

—symdef _ 5y y = the ejection speed

the momentum ejected is given by

Ehzsdef‘(é) I = Mu

In terms of

sym def (7) W = the ejected weight,

the specific impulse is given by

phys def ®) I - '\IW )

sp
The ejected weight is related to the ejected mass by

Newton ©) W

Mg ,

where

sym def (10) g

the free fall acceleration.

Consequently, the specific impulse is related to the ejection speed by

8 u
-——-—_> = o .

QUANTUM ENGINEERING, INC.
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. The specific impulse can also be expressed in terms of

—ELdef‘?(lz) I = the impulse per unit time

divided by

sym def (13) W = the weight ejection rate

thus,

B.4 Thrust
The thrust is force resulting from mass ejection, i.e. the momentum ejected

per unit time. In terms of ejection speed and

sym def . (15) M the mass ejection rate

the thrust is given by

Ehzs def N (16) T Mu )

1}

If u is in meters per second and M in kilograms per second, then the thrust T is in

newtons,

The thrust in kilograms in terms of the thrust in newtons is given by

1 kg =gnewtons, - 1
»(17) TKg T g T newtons '
consequently
. 17 . e U
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The thrust in kilograms is related to the specific impulse by

11 Kg sp
Since the impulse imparted per unit time,

—0b s 1 = Mu ,

is the thrust

——%—;-(21) T = 1 ,

the specific impulse can also be expressed as the thrust per weight of material

ejected per unit time

14 T
-(22) 1 = —
21 sp W

B.5 Electrical Variables

The electrical variables

-—Sm—e—f%(%) Vb = the beam voltage
and

sym def X
——L——-——;—(24) Ib = the beam ion current

are more closely related to the particle densities and collision frequencies

required for analysis of communication problems than are the specific impulse

and thrust,
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‘ B.6 Beam Voltage in Terms of Specific Impulse

. For the ion velocity ranges of interest,
sym def | _ . o
—L—7-(2S) WK = the particle kinetic energy

is given with sufficient accuracy by the nonrelativistic approximation,

EhZS def | - }_ 2
= (26) WK 5 m.u R
where

—Sva‘-(ﬂ) m, = ion mass

and the speed of the ions with respect to the spacecraft is the mass ejection speed.

During acceleration,

sym def ~(28) W, the potential energy given up by the ions

]

is given by

phys def.
—(29)  Wp iV

]
L2
<

where

—Sﬂn—(-igf—;—(SO) q; = the ion charge.

Since the potential energy is converted into kinetic energy during the acceleration

process,
energy
conservation, _
. ~(31) WK = WP .

QUANTUM ENGINEERING, INC.
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Consequently,

,Zqi Vb

31 _
26, 29 »(32) u = m,

1

The specific impulse in terms of the beam voltage is consequently

2q. V
— e 1 = [
sp g m,
For singly ionized cesium ions,
A-7 _ -25 .
CsAFSI2 9 (34) mo~o = 2,21x 10 Kg

hence, the specific impulse for a cesium beam is

33 L _
34,A—4,A-10“35) ISp = 123 er . sec,

The voltage required to produce a desired specific impulse is consequently

— 3B @) v, - 6.63x 10212 volts
sp

B.7 Beam Current in Terms of Thrust and Specific Impuilse

In terms of the ion charge and

sy def G37) ]

i the ion flux

con def >(38) Ji

the number of ions ejected per second,

the beam current is given by

phys def (39) 1 - qJ

b i1
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The mass ejection rate in terms of the ion mass and ion flux can be expressed by

M(;}Q) M = m],

11

The beam current in terms of the mass ejection rate is consequently given by

39 9
—_—— =
40 (41) Ib m, M

1

Expressing the beam current in terms of thrust and specific impulse gives

. T
41 ) _ 9 Kg
19 —(42) Ib T m, 1

i “sp

For singly ionized cesium ions, the beam current is

T
42 _ 5 'K
K 4d) I = 7.26x10 ——&Isp

For graphical conversion from mechanical to electrical units, it is more convenient

to use

43 6

— 5 (44) Tgg = 1-377x107 L1

b'sp °

A chart for conversion between mechanical and electrical properties is given in Fig. B.1.

B.8 Beam Power

A frequently specified quantity is

Sym def ~(45) P = the beam power.

b

In terms of electrical quantities, the beam power is given by
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: phys def -
‘ —(46) Pb VbIb

In terms of mechanical quantities thc beam power is given by

phys def R
—(47) Pb 5 Mu
and hence also by
2
47 _ - g
11,18 (48) b = 5 TKglsp

Expressing the coefficient numerically gives

8 . (49) P = 48.1T

A-10 b I

Kg'sp

For plotting, it is more convenient to express this in the form,

® P
2.08x10 “p
49 . _ : b
———(50) TKg =

I
Sp
These constant power curves are also incorporated in Fig. B.1.

Fig. B.1 allows conversion from any two independent ion exhaust beam
parameters to the other ion exhaust beam parameters. For example, a 100KW
ion beam with a specific impulse of 10, 000 seconds has a thrust of 210 grams, a

beam current of 14 amperes and a beam voltage of 700 volts.

B.9 Ion DensitX

The cesium ion density in the exhaust beam is primarily determined by the
M(Sl) ib = the ion current density in the exhaust beam.

The current densities obtainable from porous tungsten surfaces are plotted in
‘QUANTUM ENGINEERING, INC,
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Current Density
2

ma/cm

1500 1550 1600 1650
Temperature

1450

1400

ok

2 Emission Current Density vs Temperature.
(Reproduced from Fig, 25 in Ref. B.2.)

.

B

Fig
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Fig. B.2 (Fig. 25 in Ref. B.2) against temperature for various pore sizes.
s 2 .
Reference B.2 specifies 15 ma/cm”™ as a reasonable value for the Jupiter craft

ion rocket design.

The current density is related to

I

the ion density

sym def -.(52) ni

by

E-13 .
——E—_—TT—(SS) lb g.n.u

Consequently, the ion density in terms of the ion current density and specific

impulse is given by

53 1y
———(54) n, = ;

11 i qigIsp
hence,

54 oN

6.36 x 101 1— ions per m3

AL A0/ N
sp

1

The ion density is plotted against specific impulse for various current densities

in Fig. B.3. Since the ion beam is essentially neutral, the electron density is the

same as the ion density; hence the plasma resonant frequency is given by

E-56

5556 £, = 7.16x10

For the following current densities
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ions

per m

seconds

sp

Specfic Impulse I

Fig. B.3 Ion density in the ion rocket exhaust beam
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| i ma/cm2 i am /m2 NS
b | 'p &P . i'p g
I | 10 . 3.16 ;
; i
, , |
chome— —(57) 3 30 ‘ 5.47 :
1ma=10 “amp 10 ' 100 ¢ 10 |
1em®10 ™4 m? 15 150 12.25
| i
30 300 i 17.32 |
the plasma frequency is givsn by\ r ib ma/cm
"2.27) 1
_ £3.92° 10 '3
__?_6__/__<58) f = 7.17 ‘__1_0__ Hz QIO .
p ' 8.77 1 T 115
12,4 ' \'SP 130
N — q

This is graphed in Fig., B.4. The two horizontal dashed lines bound the signal

band of interest.

As an example of the use of Fig. B.3, consider the design values of 12, 000
seconds specific impulse and 15 rna/cm2 current density for the Jupiter orbiter
spacecrapt; Fig. B.3 gives an ion density of 8 x 1015 ions per m3 and Fig. B.4

gives a plasma frequency of 805 Mc.

As the ion exhaust beam recedes from the spacecraft, the divergencéof the
beam reduces the current density and, hence, the ion density. The way in which
the density depends on distance is in part determined by the total size of the ion

beam.

B.10 Ion Exhaust Beam Radius

The ion exhaust beam radius can be obtained from the total current, the
current density and the assumed distribution over the exhaust beam cross section.
Considerations here are limited to circular beams with a uniform distribution
over the cross section. The emission ion current density depends on the emitter

temperature and design. The ion current density downstream depends on the
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the ion exhaust beam
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Fig. B.4 Plasma frequency
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emission current density, the ion exhaust beam divergence angle and the ion

current. In terms of

sym def (59) A = the ion exhaust beam cross section area
b
perpendicular to the axis of symmetry,

the ion exhaust beam radius is given by
}A
geometry . (60) b = V_l_)_

If the current density is uniform over the beam cross section, the cross section

area is given by

def of ib
~—(61) Ab =

e

hence the exhaust beam radius can be expressed by

rIb

mi

\ b

60

o1 (62) b

It is desirable to express the ion exhaust beam radius in terms of power and

specific impulse. The ion beam current can be expressed by

P
46 b
(63) 1 =
b Vb
and hence by
2q.P
63 _
530 L, = 32
m;g I

Y

The ion exhaust beam diameter can thus be expressed by
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B-16

Fig. B.5 Ion rocket exhaust beam radius per |/wat
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2q. P
62 1 (“%%p
—————-——}- =
- (65) b J

e
gIsp m.i

Evaluating the numerical constants gives

65 b 68.0
»=(66) —— = -———  meters per square root watt,
34, A-4,A-10" \FT 1
sp\'b
r 2
o0 i ma/cm
21.5 1 |
12,4 < 3
06 67y 2 = { 6.8 _1_1__ m per |Watt )10
\[Pb - 5.55 “sp 15
Y 3.93 30

J L

This is graphed in Fig. B.5. With the Jupiter orbiter spacecraft as an example, entering
2

the 15 ma/cm” current density curve at the absicissa value of 12, 000 seconds gives

the radius per square root watt of 0.46 mm. Hence the radius in the exit plane of a

half megawatt ion rocket is 32,5 cm which is a diameter of 65 cm or 2.13 ft,

B.11 Variation of Ion Exhaust Beam Radius with Distance

The ion exhaust beam in this investigation is represented by a conical model .

with

___SX_nlﬁf_,..(68) Gh = the half cone angle.

Consequently the ion exhaust beam radius varies as
ﬂ-g-:—h-l—)—(69) b = ztan 9h
where

sym def 70) z

distance along the symmetry axis from
the conical beam virtual point source.

. QUANTUM ENGINEERING, INC.
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2
seconds

3

I

.
b

also the distance of the virtual point source from the exit plane

B.6 Distance over which ion exhaust beam doubles its initial value
source.

Fig.
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The position of the virtual point source depends on

_sm_f_,.(n) b

the radius of the ion exhaust beam at
the real source (ion rocket exit plane)

r

sym def (72) =

the distance of the real source

r .
from the virtual source

and the half cone angle according to

—7—1,—72———?—(73) Zr = bl' cot eh .

4) z-z = the distance from the real source of the beam,

‘ the beam radius is given by

__i___,_q 5) b

[:(z -zr)+ zr] tan Gh

and hence

br+ (z -zr) tan Gh

——%g—,&(%) b

The number of parameters involved makes it awkward to provide a generalized plot,

Some insight is provided by considering

—Sdeef—»(W) zy = the distance required to
- double the beamwidth, '

which is given by

-—b—::7gTJ——)-(78) Zd - Zr = br cot Gh .
I
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Hence

68.0 cot eh P

78 b :
=(79) z,-z = — =,
66 d T Isp yr
For small angles this becomes
P
79 68.0 b
.......__._._—-—;-(80) Z -z = d —— .
d by GhIsp i

Expressing the half beam angle in degrees gives

80 .

—(81) zq -2

3900 b

T = o i
ehIsp br

This is graphed in Fig. B.6. Using the Jupiter orbiter spacecraft ion engine design
as an example, together with the assumption of a five degree beam half angle, gives

distance of 3.75 meters for the beam to double its diameter,

B.12 Collision Frequency

In the ion exhaust beam,
—ﬂm—de-f—‘r-(SZ) v, = the electron collision frequency

is a function of position because it is a function of the particle densities and vel-

ocities which in turn are functions of position., In terms of

W ions
S def / .. .
SV S . (83) § Ven) = the collision frequency of electrons with ¢ neutrals ,
Vee electron%

the total collision frequency is given by

83 _
S (8 V= VgtV + Y
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In terms of N

Qle1> /;oﬁs

the average relative electron ( neutrals )
speed with respect to the

9]
B8
g
)
<
)
@
=
P
il

("\ue é electrons
< J
TN
(0 ) rions
ei
Ssymeced def (86) Cen = the electron collision cross ( neutrals

section with respect to
electrons

~
: n_l ions
1
sym def @87 (n the density of ( neutrals

n ?
n J electrons

the collision frequencies are given by

Vei Ceip 1%;i
kinetics ~ \
(88) Yen ~ éen/ 0, %n -
\
Uee éee) fe 0‘ee

For the initial determination of attenuation, the average relative electron velocity
is assumed to be independent of position, This assumption is not valid in the sec;tion
of the ion exhaust beam immediately adjacent to the ion rocket engine where the
neutralization process is taking place and where strong plasma oscillations are pre-

sent. Consequently it may also not be true over a substantial portion of the ion

exhaust beam.

The density of cesium ions is large compared to the density of neutral atoms

operating

condition (89) ni >> nn

and the collision cross section of electrons with ions is large compared to that of
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electrons with neutrals

interaction

.1.?_\175____,.(90) o .>>0 .
ei en

Consequently

and collision between electrons and neutrals can be neglected.

The electron-electron collision frequency is also neglected in this first
approximation. The validity of this approximation needs further investigation but
is essentially based on the relative collective behavior of the electrons induced by
the electromagnetic wave, with respect to that of the ions. The electromagnetic
wave produces a collective oscillation of the electrons with respect to the ions.
The dominant collisions which tend to disrupt the electrons collective oscillations
are those between the electrons and the ions rather than between the electrons.
Hence the electron-electron collisions are relatively unimportant, since

collective

_bﬁh_%il_o_ll__,.(gz) v o<<v. |,
ee €l

from the point of view of their effectiveness in contributing to the attenuation.

Consequently the total electron collision frequency is approximated adequately by

84 _
Tl’g-z—)-(93) Ve = Vei .

The motion of the electrons with respect to the ions has both a thermal component
and a drift component, each of which varies with distance from the spacecraft. The
neutralization process normally injects electrons into the ion exhaust beam with a

velocity relative to the spacecraft that is lower than that of the ions. The ions sub-
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sequently accelerate the electrons and thereby reduce their relative drift velocity
difference as their distance from the spacecraft increases. This acceleration pro-
cess can also generate plasma oscillations of substantial amplitude. It is necessary
to determine the amplitude of these plasma oscillations and their rate of growth and
décay with distance in order to determine their contribution to Uy It also is
necesSary to know the way in which the electron temperature varies with the position
in the ion exhaust beam to obtain the random thermal contributions to U - Examina~

tion of these considerations are left for a later investigation.

An approximate upper bound for the average initial relative velocity of the
electrons with respect to the ions is provided by the velocity of the ion beam, and
a lower bound is provided by the random thermal speed of the emitted electron:

kinetics

approximation_, < < ..
~(94)  u <ue> uoo.

This may be used to obtain upper and lower bounds for the attenuation. If the
attenuation upper bound is sufficiently small, the problem need not be pursued

further.

The conventional coulomb scattering cross section between charged particles

is infinite, This singularity is avoided by using

sym def ©5)

D the Debye radius

€ kT
v

D 2 '
n_e
e

RB.3(8.5) (96)

Evaluating the physical constants gives

AT A??L Ao~(97) rp = 69.0 ’I—llmeters .
? ’ e
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Using the Debye radius as a cut off for the potential of the ion in order to give

a finite scattering cross section,gives

RB.3(8.17) , =
~(98) Ooi = Aln9ND )

where

_szg}_d_e_:f_;_(gg) ND = the number of electrons in a Debye sphere,

hys def 4 3
—PIYS CCl . (100) ND 3 Trh Dy .

Hence

100
97

>(101) N

]
f—t
w
~
oo
>
[u—
(=]

D

In equation (98),

2
2
RB.3(8.17) 103y A = %(_E_T m?
Kzevmeuei

It is more convenient to express the energy in this equation in terms of electron

volts, viz.,
2
102 . _ 1 e
v ei
Evaluating the physical constants gives
-18
103 ‘ _ 6.53x10 2
AT, A U100 A= 2 ™
Vei

The cross section is relatively insensitive to the electron density and temperature,
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as described above, since these variables only appear in the logarithm. Hence it
will suffice here to compute the logarithm factor for a nominal value of temperature

and electron density. Using

_Fig. B3 10y T = 1550°K

~and
Flg. B.4 . (106) ne = ]_016 electrons/m2
gives
101 __ . (107) N = 841 electrons
1053, 106 D 3
Hence
107 , (108) in 9ND = .8.93
and
-17 -13
98 ‘ _ 5.,83x10 2 _ 5.83x10 2
—Toz, 108109 Oy = Tmp— m o= 2 .
V= V7.
ei ei

Comparison of this electron-ion cross section with the electron-neutral atom cross

sections of alkali metals gives

109;RB. 4, Fig, 9} (110) o. =~ 100 | )
ei en

thereby supporting (90).

It is convenient to express the speed entering the collision frequency expression

in terms of the corresponding energy in electron volts relative to the ions,
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32 _a11) u. = .
1—r¢C el \ m

Evaluating the physical constants gives

111 . _ )
—m—_'s—r(llZ) Uei = 5.93x 10 ’Vei m/sec. .

Thus the collision frequency can be expressed by

-11
88 _ 3.45x% 10
—o9, 123 Vg = 372 noo.
ei

Since an objective of this preliminary investigation is to obtain a reasonably
close upper bound for the attenuation, the largest reasonable collision frequency
should be used. The largest reasonable collision frequency is obtained by using

the smallest reasonable relative kinetic energy. As a first step, consider the

thermal kinetic energy which is a lower bound (94). For this case, it is more

convenient to express the formula in terms of temperature. Using
kineti .

IneUCS . (114) eV = KT

gives

114 -5
_.___....___—L’.( = .
ey a LRI 8.62x10°° T

and hence

113 _ -5 T
—l—i‘s————‘;“(llé) Uel . 4.31 x 10 -'?37—2- B

Using the nominal temperature of the contact ionization surface gives
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116 _ -10
— (7)Y = 7.07x1077 m; .

It is interesting to note that the ratio of collision frequency to plasma resonant

frequency is

i V. )
L7 E-50, (11g) -{fl = 7.88x10 ll’ni

P

For the Jupiter orbiter spacecraft design point, the largest ion density encountered

is that at the exit plane is

_Fig.B.3 _ 179y 5. = 8x10'

J-orbiter ir
hence
118 Vei -3
————————"'-119 >(120) T = 7,05x10
pr

In practice, the mean ejection velocity of the neutralizing electrons would not be
equal to that of the ions. Even if their ejection velocities were matched to as low

as one electron volt the collision frequency would be

113 -11
.____—)— . = . .
Vei= i (121) Vei 3.45x 10 n,

in which case -

. V.
121+ E 56 ei -12
—_—— —_— = .
(122) fp 3.84x 10 ' n
and hence
122, (123) Yei | 54410
119 7 f - : :
pr
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Thus the ratio of collision frequency to plasma resonance frequency varies by an
order of magnitude with only a small change of conditions (~ lev). For the case
in which the electron exhaust velocity is not matched to that of the ions the electron
temperature gradually increases with distance due to collision relaxation. The

entire question of collision frequency needs to be examined in greater detail.
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APPENDIX C: WAVE PROPAGATION CONCEPTS

‘ C.1 Power Density

The manner in which

*
—symdef? (y p - the propagating power

is distributed over a surface through which it passes or impinges upon is designated

by

_symdef _ 9y 7 = the power density.

The direction of propagation is designated by

symdef._ ,,,
7 \vV) 4 -

T

Thus the vector power density (Poynting's vector) is represented by

vector def 4 m= 1.7 .

The power density is defined in terms of

__sym def (5) dB the differential power

propagating tirough

__SE_%((,) as

It

a differential surface

by

* The arrow bookkeeping notation to the left of the equation number and other notation
conventions employed are explained in Appendix A.
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Fig. C.2 Differential Solid Angle, Capped by a Differential Surface,
Bounding a Differential Power from a Point Source.
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hys def _ 9k
physdet oy 7 2 S
TS

where

__Sym def _ (8) dS,n_ = the component of differential surface d$
which the direction of propagation is
normal to,depicted in Fig. C.1,

i.e.

math def

= .
—>(9) dS - 1 - d$

The differential power through the differential surface can thus be expressed in

the form,

n
v

[S N
wn

7 <~ /1
T T \L

) Td ,
S m

10 ‘

C.2 Power Intensity

The manner in which the propagating power emitted from a source is distributed

over a solid angle within which it propagates is designated by

sym def (12) p = the power intensity .

The vector power intensity is designated by

vector def

The power intensity is defined in terms of
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the differential power

sym def |
(14) dPQ

propagating within

__sym dei {15) a&i = a differential solid angle
by
phys def (16) p _ dPQ
ae

The differential power within the differential solid angle can be expressed in the

form

l/
—_— - (17) dPn = pdS2

C.3 Relationship Between Power Intensity and Density

The relationship between power intensity and density radiated from a source
can be obtained by taking the differential surface element through which the
differential powex is propagating,as the cap of the differential solid angle within

which the differential power is propagating, as depicted in Fig. C.2. In this case,

Fig. C.2
— =
(18) dPS dPqy .
Consequently,
18 . ) _
17 11 (19) wr-d$ = pdQ

The differential solid angle is given in terms of

sym def . . X
) AL S S (20) lR = the unit vector in the radial
direction from the source
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. and

__sym def (21) R

the radial distance from the source

by
. 1,.d$
Fig. C.2 (22) d = R Ny
R

However, the direction of propagation is the radial direction,

source

location (23)

—_— 1 = 1 .

R - (

Consequently,

1, -ds
22 m
— N
o (24) dQ

Therefore,

19 p-d$

——7———>24 13 (25) w-ds ———Rz .

Since the direction of the differential surface capping the differential solid angle

is completely arbitrary,

25 o (26) @ P

C.4 Radiator Gain

An isotropic radiator distributes the power uniformly over the 47 steradian

’ solid angle surrounding it; consequently, the power intensity issuing from an
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isotropic radiator is given by

1sotropic
radiator

P
=27) p = 7

If the transmitted power is not uniformly distributed over the surrounding solid

angle, the average radiated power intensity is

con def (28) <p> _ ZPﬁ .

The dependence of the power intensity on direction,

M;_ 29) G the radiator gain,

is given by

con def

(30) G A
P

The power intensity can be expressed in terms of the power and the radiator gain

function by

30 G
._____——)— - ——

2% (31) p an p .

For an isotropic radiator

isotro
Y > (32) ) = P
consequently, the gain is given by

30 . _
32 ~(33) G isotropic L

radiator
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C.5 Waves

Any variable representing a physical quantity of a wave designated by

sym def (34) F

any scalar field or component of a wave

is a function

‘'t time

sym def (35) < - the
o | position vector
o

and hence can be expressed in the form
causality (36) F = F(,m) .

An elementary wave is one for which the field properties do not vary over

surfaces which are orthogonal to

sym def (37) 1,3 = the unit vector in the wave propagation direction.

The scalar position coordinate,
—sme—fa— (38) rB = the distance along the normal to the wave surface,

is given in terms of the position vector and the propagation direction unit vector

by

37,38 o (39) rg = lgr

Since the fields of elementary waves do not vary over the wave surface, only the

normal coordinate to the wave surface need appear in the function argument,
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36 _
elementary
wave

(40) F = F(t,rﬁ)

The manner in which a spatial field distribution changes with time qualifies
the field as a wave. A well defined (traveling) wave has a spatial shape which
is invariant with time and whose position changes with time. A change in shape
with time is called distortion. The basic w‘ave propagation concepts are more
casily defined for distrotionless waves and then generalized to waves with varying
wave shapes. If the shape of the wave is preserved as it moves,the wave shape can

be expressed in terms of a single coordinate,

—EY—% (41) ¢ = the wave phasé in a coordinate reference
frame synchronized with the wave.

kR i

In the synchronous coordinate reference frame, the field function is just

40 |
—
invariant,
wave shape

(42) F = F@) .

If the field quantity can be expressed in this form, it represents a single wave.

C.6 Phase Factor

The wave phase is related to both'the time and space coordinates by
causalit
causaly - @43) ¥ = Y(, rB) .

For a wave moving with a constant speed, the transformation is linear, that is,
I
43

Tincarity * (449 ¥ = wr -Brﬁ)+ Yo

where the transformation coefficients w and B8 represent
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N N
(time |

I
> = the phase change per unit\) > .

P !
B Jengtn,

The phase coordinate of an invariant waveform does not change with time or
position. Consequently, the minus sign in (44) is required for a positively
traveling wave since both the time and position coordinates are increasing
together. A positive sign would be required to keep the phase invariant for a
wave propagating in the negative direction since time is increasing and the
position coordinate is decreasing. The coefficients depend on the phase

coordinate units and on the wave shape.

The phase depends on the position vector and the wave surface orientation,

that is,

———é—g—*(%) Y = wt-ﬂlﬂ-lr+ibo

Hence, it is convenient to define a vector phase change per unit length whose

direction is that in which the phase change takes place,
‘sdeef' 4n g = .113/3

The phase coordinate can now be expressed by

——j§—+(48) zp.= wt-ﬂS-n?+¢>o .

C.7 Phase Velocity

The rate at which the phase changes with time at any arbitrarily moving point

is given by

dr,

44 dy B8

— — = - —
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where the speed of the moving point is

drﬁ

kinematics
—— Y bl
dt

(50) u =

The speed of the moving point is related to the observed rate of phase change by

——2%———7‘—(51) u = 9_‘5_42

The speed of a wave is the speed of the points comprising the wave. Since each

point is specified by its phase, the speed of the wave is called
—Emfa- (52) v = the phase velocity.

(Usage has established the term, phase velocity,rather than the more appropriate
term, phase speed.) The phase velocity is thus the speed of a point which is
synchronized with the wave,

physdef . (s3y v = u, :
¥ =0

since it is the speed with which the phase at that point in the wave moves. The

phase speed is consequently

53 . _ow
————S—l—ﬁ" (54) v = /3

If the speed of each phase point is the same, the wave shape moves without

distortion; otherwise, the shape of the wave changes as it propagates.

C.8 Monochromatic Waves

A monochromatic wave consists of a single frequency sinusoidal waveform
for which

convention

def (55) 1lecycle = 27 radians,

where
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s def /T\“: _ _ {time \i : point inspace\i
— SV . (56) tlj\ = acyclein at a fixed (. y

spacej instant of timej

Cycles in time and space are called by special names:

N - N
T i period f
name def (57) i > - the ! )
! i
X) \waveleng’chJ
point in space
At a fixed instant of time the change in the phase variable is given by
" =const l wat
! -
i 2p't=c:onst l ﬁArﬁ
For a onc cycle of change
w
L 58 2] =const '
—at =1~ &9 - ’
Ar, = -
B Ay l =const AA

and since the phase changes by 27 radians in one cycle,

A 27
—35__, (60) _
Ay =27

it =const

the phase coefficients and cycle values are related by

2T wT
59=60 |
>~ (61) i = .
i 2m BA

Consequently, the phase densities, & and B, are related to cycle values by
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61 T .
—_— > (62) = o ,
P X

which are usually taken as the starting definitions for

r= [ 3
fw i ' angular frequency!
L |

;\ ,3J \phase factor

Closely allied quantities are

N
g(f \ :rfrequency g

sym def (64) \) >= the<
Lnx Lwave number_j

| NS,

which are
~
t \] time
condef . 4y \/ :\ = the number of cycles per unit ’
Ln)& length
and hence,
1
f —_
T
65 o~ (66) = .
N 1
A A
Consequently,
w (£
62 . ; -
8 P
i |

The phase velocity of a monochromatic wave in terms of frequency and wavelength,
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: e (68) v = A,

. 2’71

now follows as a logical consequence of the kinematic description of wave propagation

instead of as an independently postulated fact.

Since a monochromatic wave function is sinusoidal,

42 sin
—_— =
(69)  F(¥) Fo {cos}w !
phasor representation,
—% Lo F = EJY,

can be used. The circumflex over the complex phasor symbol will be omitted (but
understood) except where there is a possibility of an ambiguous meaning. Thus,

all components of such waves can be represented in the form,

o 70

- j(wt-pr) ,
— (71) F = Fge B

where the constant reference phase, §, is absorbed in the coefficient.

C.9 Attenuation

If the wave amplitude decrease with distance is proportional to its magnitude

simple
attenuation (72) %_E = -gF
rOl

the proportionality factor is called

_symdef _ 73y 4

‘ if

the attenuation factor
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529___,_def — (74) r, = the direction in which the maximum rate of

decrease takes place .

With attenuation, the field components vary with distance according to the more

general form,

71,72 (75 F = Foe-aroz eJ(wt-gg.n')

It is convenient to introduce the vector attenuation factor,

sym def
analog 47, 76y 4 = 1,0

just as it was convenient to introduce the vector phase factor.

can now be more compactly expressed in the form,

5 . g oiwt-Bom)
—%7—7_8__’_ (77) F = Foe (ﬁ

by use of the complex phase factor,

sEndef (78) ﬂ‘é = B-je .

For homogeneous waves « and 8 have the same direction.

The field component

For a monochromatic plane wave, all the partial differential field equations

can be reduced to algebraic equations by noting that

. ot
8 79 _—

|V

C.10 Electromagnetic Fields

The electromagnetic fields,

p
? IEW electric
_sym def _ g0 > = the field intensity
]H/' Lmagnetic
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~ ~
,/lD )felectric

> = the\ >ﬂux density ,
' magnetxc‘

and the sources of these fields,

a ) r R

| i L | current|
M;. (82) < / = the< Bdensity,

‘Lp /} f chargej

are interrelated by Maxwell's equations,

Faraday, Vx 9, ]ﬁ 0
Gauss 83) . _
0 Vv [B |0
and
Ampere,
Maxwell, ‘VX -at i
Gauss Gauss  _ (g4y I _ ,
|0 v- |ID o

and by the constitutive parameters,

(o )

€ Ccapacitivity |

M(SS) p )y = the scalar ( inductivity S
‘ !

o )' conductivityj!

via the constitutive relations,

isotropic D €IE
constitution 86) |B = |uH
i olE

for isotropic media. The charge and current densities may be subsumed in the
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in the constitutive parameters.

C-11 Monochromatic Electromagnetic Waves

A single monochromatic wave solution exists only for a linear system. If the
constitutive parameters representing the medium are linear (i.e., independent
of the field strengths),the field partial differential equations can be reduced

directly to the algebraic equations.

-§§x w |IE ";
83
—————————>—79 (87) = t
0 B |B 0
and
v .
IBx w |H i
84 . .
79 7 (88) v =]
0 $/ |D | P

Reducing the number of field variables by the constitutive relations for isotropic

media and restricting considerations to neutral media,

condition 8) p = 0 ,
gives
87,88 Bx “wp | 0
-——-—l—)' (90) v =
-j(o+ jwe) PBx |H 0

and
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87,,88 FE

|
|

0

The vector phase factor is perpendicular to both the electric and magnetic field
intensities, shown by (91). The electric and magnetic field intensities are

perpendicular to each other, shown by (90).. Thereforq

ME
—2001 . (92) ,H/L>C§

The equation for the electric field alone is

v

———L (93) BxBxIE) = jwuO+jwe)lE .
Expanding the triple cross product gives

— 9 (BEE-EPE = jwpo+iw)E .

Since the complex phase factor is perpendicular to the electric field intensity,

I
(@]

-—%ﬁ'—l——'f (95) [52+ jwu(o+ jwe)]lE

Since the electric field intensity is not identically zero, the complex phase factor

is given by

95 . v2 . .
'———7-(96) B =  -jwu(o+ jwe)

C.12 Phase and Attenuation Factors in a Lossy Medium

Expressing the complex phase factor in terms of the phase factor and the

attenuation factor,
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77 M

57 7E 67 B = B-ja ,
gives

6 2 2 . . .
——3—7———‘/-(98) B -a” -2jaf = -jwp(o+ jwe).

Equating real and imaginary parts gives

A% 00y g2- o = wle
and

7

=98 L (100) 208 = wuo

Separating variables,

_ 100 . o) o = -—B—‘%“G,
gives
99 4 2 1 222
- -y =
—————;-lol (102) B wpep FwHo 0
Consequently,
2 c4.22 2.2 2
102 S (103) /32 _ wuej:\wpz€+u,uc .
A more convenient form is
2
1t [ 1+ —5
103 s (104) 32 _ wzue , w7e .

. . . 2 s .
Since 8 is a real quantity, 8“ must be a positive quantity; consequently, the

minus sign is extraneous; hence, .
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/ 2
1+ / 1+~
104 R 2 2 v w’e
- extraneous (105) B = W He 2 :
Hence,

/
2
1. (106) 8 = iw’?/l“‘/” —=7
22
\Y w €

The plus sign is for positively traveling waves and the minus sign for negatively

traveling waves. The attenuation is given by

101 _ }u 1
o5 (107) a = <o 3

— 2
—107———5—-(108) oa = j—_wjﬂf 141+ — .
2 2 2
w €
The phase velocity is given by
54 1

—-W—‘? (109) v =+

From here on,the £ signs will be dropped,but it will be understood that a + sign

is used for a positively traveling wave and a - sign for a negatively traveling wave.

QUANTUM ENGINEERING, INC.
C-19




An important approximation can be made when the displacement current is
large compared to the conduction current, which is the case if the frequency is

sufficiently high or the conductivity sufficiently low,

2 2
i~ =>>i
D . (110) 02 << w?é?

If this condition holds, an accurate approximation for the phase factor, atten-

uation factor and phase speed is obtained by the first terms in

2
2 2 2
R2G-D o ) 1+ G = 1+ Sy {_g_z e
\ w € 2we kﬂ €
Thus,
106 e 0'2
e = —

} 2
108 g [u o
> (113) o = a3 1 - —5 ’
110 2 \/ € 4w2€2
and
_ 109 14y v o= L :
02
ne | 1+
\[_ 4w2€§

The same current density inequality allows the approximations to be simplified to

2
112 o
~ (115) B = w[ue€ 1+ ] ;
[ 8w2€2
113 o/ 02
LS 1) o« = 2B 1 - ,
7/ € [ Sl ]

and
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_.___1_1_4___>.(117) v = _l__[l -G j

and still further simplified to

15 18y B = wlpe
116 o am
——e = iy B
(119) « 7 € ,
and |
117 1

—_—=(120) v

The phase velocity of an electromagnetic wave in vacuum is represented by

a special symbol,

_slrr_)_(_ii}_ (121) ¢ = v = v = the speed of light in vacuum.
vacuum

Using the subscript v to designate a quantity in vacuum gives

54,121 (122) ¢ = w
B,

and

120,121 (123) ¢ = 1
“v€v

and

68 . B
————121———7—(124) c = fA.V

Normalizing the phase velocity with respect to the vacuum value gives
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120 £ 123 o9 _} _

It is convenient to introduce

~
i €. . | capacitivity dielectric constant
sym def j _ . _
L) LS N (126) 3 = the relative =
K[J, r 1nduct1v1ty) permeability
which are
rE—r—_ A
con def | (127) _

The wave phase speed in terms of its vacuum value, is given by

125 . _
157 (128) v =

Convenient formula are

120 ,

and

1
Koo
<
&t‘
=
m
Lo

118 .
—zo71a0 7 (180) B

C.13 Characteristic Impedance

An important property of the medium in which a monochromatic wave is

propagating is

_sym det def (131) 2 = the characteristic impedance ,
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which is defined similarly to circuit impedance by

condef: (132) B =

T b

For a plane monochromatic wave,

0 __, = L __B__
—- (133) B = ,§ Ge-j5 -
Using
96 . _ - .
—_—(134) B = J-pr(0+3we)
gives
134 7 Jc+jw€

For conduction currents which are small compared to displacement currents, it
is more convenient to reexpress the complex phase factor and the characteristic

impedance in the form,

134 3 _ . [ _. 0
~ (136) B = u,fusl iRy

and

135 . e 1
—"2 = (137) B -j?_—

. g
Jl'lm—

If the conduction current is sufficiently smaller than the displacement current,
all but the first two terms in the expansion of the reciprocal square root can be

neglected to give
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137 2 = [E

—_—- (138) J€ l+32w€:l

For a lossless medium, the characteristic impedance reduces to

135 . ' M
—5=o 39 2 ‘J‘?
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APPENDIX D: REFRACTION AND REF LECTION

D-.l Introduction

The ray theory of propagation provides a sufficiently accurate description
of a wide variety of propagation phenomena. This combined with its simplicity
makes it a handy tool for the investigation of various devices and natural
phenomena. The objective of this section is to provide a collation of céncepts

and formulae needed for ray theory analysis,

D.2 Snell's Law
The normal to the interface between two materials and a ray passing

obliquely through the interface all lie in a single plane. Snell's law relates

the angles
91 j 11
*
——SLdefy-(l) o = the angle between interface normal and ray in region § r
: B
via

Snell's Law (2) n sin@ = n,sin 92,

1 2

where the coefficients multiplying the sine function are called

-
nlg l]

: T = refractive index of material in region ¢ )
rlQ
) 2)

, sym def 3)

Ray bending at an interface is depicted in Fig. D.1,

- S Gm - . e S e wn v ow e G G0 . P S G G e - e - AP e S b e S e e e e e e A e S M e e e e e e e WD e e e e e e e e e o e A e e

* The arrow bookkeeping notation to the left of the equation number and other
specialized notation is explained in Appendix 'A'.
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REGION -2

REGION -1

RAYS

Fig. D.1 Ray Bending at an Interface
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Snell's law gives the ratio of the refractive indices,

9 n, sin 6
— ) = = g
(4) I‘ll Sinvgy

In particular, if a ray passes through an interface between any material and

vacuum, then

in 9
4 ) n_ ) sin 8,
‘ - i~ k)
n, sin
where
g [
svm def Um' imaterials
—X—;—(é) i F = angle between interface normal and ray in{ ‘/
; ; {vacuum -
\ad |
J 8 .
and
N . \i
;N material:
sym def 'F’ i
—Lr-ﬂ) = refractive index of T
n vacuum
v J

By the arbitrary definition of the refractive index of vacuum as unity,

reference
def

—(8) n, = 1,
the relative refractive index of the material with respect to vacuum becomes the
refractive index of the material; thus, the refractive index of a material is given

by

5 sin By
———8———-\}'(9) n = —,

m sin g,
If only a single material is involved, the subscript on the refractive index can be

omitted without ambiguity.
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Snell's law given above is independent of the direction in which the rays

pass through the interface. The literature frequently designates which part of
a ray is the incident portion and which part is the refracted portion and thereby
makes the detailed expression of Snell's law dependent on the direction of

propagation. Designating

N

51\ fincident |
—S-Lm—dgf—;- (10) «5 > = the angle between interface normal and+ “ ray

b 5

iy t refracted

L /S N J

gives for a ray passing from a material into vacuum

10 m i
- = (11) = .
mat—=vac

=

| by
In this case, Snell's law is
-————-,—9/1‘1 >~ (12) n = SinT
mat—»vac sini

On the other hand, for a ray passing from vacuum into a material,

{‘e‘m F‘
vac‘—v’mai (13) - ’

10
L

In this case, Snell's law is

9/13 —(14) 1 _ sinx
vac—=mat n sini

D.3 Refractive Index in Terms of Wave Speeds

The refractive index can be expressed in terms of the phase speed of the wave.
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_symdef 5

time required for the wavefront to propagate

between the two positions depicted in Fig. D.1

and
v 1
s def .
-—an—-;h(lé) = the wave phase speed in region
\Z3 2'
and
sym def 4 right
Fig. D.1 1
————g'——’—)-(l7) = the distance traversed by the wavefront
L, : left
L4 \ /

kinematics,

Fig, D.1 (18)

and are related to each other by

1 4.

Fig. D.1 | 2 - 1
== (19 mer < aE

sin 92 no;

Consequently, the ray angles and phase speeds are related by

19 sin 61 vy
'—_—'———7' —— = ——
18 (20) sin 62 v,

The refractive indices in terms of wave speeds is consequently given by
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4 ) At
_———-—-—}- o—— = — .
20 @1) n

Specializing one region to vacuum

reg.lw‘—'»-vac} (22) v = c

and dropping the subscript on the other give the refractive index in terms of the

phase speeds,

21 . c
5 @ o=y

The refractive index can also be expressed in terms of

i‘,)\ | material !
S def . _ .
——El———,—(24) = the wave length in the
AL vacuum
V)

by means of

22,C-68 p\‘ 1 v

The refractive index can be expressed in terms of the phase factors by

C-61, B A/
—==(27) | = 27 | .
; 1
iﬁv l/>‘v
Thus,
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.. -j7——}-(28) n = g; .

D.4 Refractive Index in Terms of Constitutive Parameters

In the previous section the refractive index was expressed in terms of
electromagnetic field state variables. However, in linear media, the refractive
index is a constitutive parameter that depends only on the medium properties and
not on the strength of the wave propagating in the medium. Since the phase speed

depends on the oconstitutive parameters,

€ capacitivity
—S—mﬁ—)(w) M = { inductivity

o) conductivity
according to

C=-109 - c 2
——_T—f(30) v = = ’
o 7 / — P
: o
: 1+/ 1+ 77
\ we

the index of refraction is given by

— 2 —31) _/ _z__“r‘r | 1+ )1+ -
3 ? Y, B "A// w'e )

For thg case of small conductivity, the phase speed is

- 2
c-117 ., c o° -
= m(32) v = i QRS- A
C=~-129 \/T"F: [ 8w2€2 _]
and hence,
2
- 23 o
—g—>6 n = [Ee [1r =5] .
‘ 3 rr 8w e
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If the losses can be neglected completely,

33 =
=(34) n = TR

D. 5 Absorption Index

The lossy nature of a substance causes the field intensity to decreaso exponentially

according to
C=75 .35 F =.Fe®
where

sym d_.ﬁ.ef (3¢) o = the attenuation factor.

The corresponding normalized factor giving the attenuation on a per free space

radian basis, , .

hys def . o's
BB . 37) T ,

is called

the absorption index .

sym def | (38)

This is more compactly given by

37 o
——-——‘7- 39 % = .
2739 i

Expressing the attenuation factor in terms of the constitutive parameters gives

c-108 ~ [ BeS o
CIoCer o) o = B[ —5 it/ 1+ 2 .
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Consequently, the absorption index in terms of the constitutive parameters is given by

H_€ / 2
39 . - rr - o
0 @1 »n = / D) / 1+/ 1+ wzez .

For the case of small conductivity,

C"'llg .. (42) o = %\/-__%- .

Consequently,
39 . _ g q—
CIIs/C 2 48 * = g < J;; y

D.6 The Complex Refractive Index

The complex refractive index is the same generalization of the refractive

index as the complex phase factor is of the phase factor; consequently,

&..;(44) o= g .
: v

Expressing the complex phase factor in terms of the phase factor and attenuation

factor,

C- o .
—=T _o4s) B = B-ju ,
gives

44 v La
_45___7.(46) n = -gv JBV .

In terms of the refractive and absoxrption indices,

46 . v .
——TSW(ZW) n = n=-jxn .
QUANTUM ENGINEERING, IiNC.
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The complex refractive index in terms of the constitutive parameters is given by

—4f1_._‘—. -\ = 0 e - _g—
C-118,C-122(42' n \/’ “r€r\g/ 1 Y

C-136

D.7 Fresnel Equations

The electric and magnetic fields in the refracted, reflected, and incident rays
on the two sides of an interface are related by the interface boundary conditions.
Relatively simple relationships between the field components can be obtained by

resolving an arbitrarily polarized incident wave into two orthogonally polarized

waves:
{ \
J E 1 parallel
—RELS—dgf-;—(w) - wave = Wwave with to ray plane
H polarization plane perpendicular
where
ray 1 intexrface no rmal\x .
M(SO) % plane = plane which is o .
polarization!? parallel to the ray and electric field

J

A large number of entities enter the following considerations. A number of
superscripts and subscripts are utilized with a substantial mnemonic content t©

minimize the strain on the memory. The following table summarizes the usage

QUANTUM ENGINEERING, INC.
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; SYMBOL POSITION i
1SYMBOL || BODY SUPERSCRIPT SUBSCRIPT
E electric an E-wave for an electric field
field
intensity
H magnetic an H-wave for a magnetic field
field
intensity
i angle of for the medium contain=
incidence ing the incident ray, ox
—symdef ) fot the incident IJ
' r angle of for the medium contain=-
refraction ing the refracted ray, or,
for the refracted ray |
R iy for the reflected ray {

If the permeability of the media on both sides of the interface are the same,

the electric fields for the E-wave are related by

F‘E 2 sin r cos i
or g | sin(itr) cos(i-r)

Fresnel > (52) - E

EE tan(i-r
R tan(i+r§

and the electric fields for H-wave are related by

EI;I_ EH 2sin r cos 'i
Fresnel 53) _ i
———— = e .
sin 21+ rs
Eg -sin(i - 1)

The magnetic fields can be obtained from the electric fields by using

- con def (54) B = % ’

which in terms of the constitutive parameter is given by

. (
C=134 r 1 =i o -% loss
C =135 {L e any lo
C -136 [o—— *
. O
’———3'-(55) B = \l% [1 +j m] low loss
no loss
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Analysing reflection and refraction phenomena is facilitated by using normalized
ratios called reflection and transmission coefficients, which are dependent only
(for linear media) on the properties of the media at the intexface and on the ray

direction. These coefficients are designated by

: T { reflection
_M?L;._.(Sﬁ) ' = coefficients .

T} transmission

There are many varieties of such coefficients. These are described in the following

sections.

D.8 Field Intensity Transmission and Reflection Coefficients

The electric field intensity reflection and transmission coefficients are given by

, (PR

= 5 | .
1 lE
‘r.

The magnetic field intensity reflection and transmission coefficients are given by

rH ER ,
’ Hi *
T E . Hr

The reflection and transmission coefficients are different'for E-waves and

H-waves; this is designated by the appropriate superscripts. For E-waves,

l"E tan(i-r)
E tan (i+r
57 .
—5—(59) = s
TE 2 sin r cos i
E sin(i+ r) cos(i-1)

and for H-waves,

QUANTUM ENGINEERING, INC.
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-sin(i - )

{
|
l

2sinrcosi

The magnetic field reflection and transmission coefficients in terms of the

electric fields are given by

r
58 6l)i H
—_—+ = .
= (
TH
Consequently,
iT
61 ©2) H
—-————+ =
57,53
Ty

Z. u.€

55 i ir
—-———q — -

(63) Z ] €.l

r i'r

and

For most cases of the interest, the permeabilities are the same in both regions;

hence,

Z. n

63, 64 i r
——I——=(65) = = — .
ui “r Zr o

The relationship between the electric field and magnetic field transmission

coefficients for this can thus be expressed by
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62 _
—ge—66) Ty = =T

Using the relative refractive index expressed in terms of the ray angles,

n

4 N r _ sini
8; =i,52=r 7(67) 0, sinr '’
gives
66 X _ sini
67 #068) Ty = Smr'E C

Consequently, the magnetic field transmission coefficients for both types of plane

polarized waves are given by

trE -
68 _69) } H sin2i | cos(i - 1)
592,352 ‘ i sin(i+ r) :
t 1 |
g H

D.9 Power Density Transmission and Reflection Coefficients

The reflection and transmission coefficients for

sym def (70) m = the power density (Poynting vector magnitude),

which for elementary plane waves is given by

_M’f_,.(';l) m = EH |,

are defined by

con def -(72)
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Consequently, the power density coeificients are simply related to the field intensity

coefficients. Using

72 } tr 1 ErIR
et ——n - ——
T " |E.H
m i Trr
l
gives
73 | r [ TeTw
57,58~ (/4) = .
] Tﬂ TETH

) )
74 }fr" EPE
s 2=(75) = i ,
1
Tn {Z;TE

or for the special case /Jr=ui ’

75 n '
2 . _ r 2 .
Bor s (76) T‘n‘ = q- TE i
sin i 2
sinr "E

D.10 Power Transmission and Reflection Coefficients

The reflection and transmission coefficients for

sym def . _
-(77) P

= the power in a beam
are given by

con def 2 (78)
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REGION -+

REGION = (

Fig. D.2 Reflection and Refraction at an Interface.
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for the case in which the interface conditions are uniform over the beam cross
section. The reflection and transmission coefficients are properties of the

interface structure which may vary with position; hence, the definitions should

be made in terms of

_symdef _ 29y @ =

the differential power in an electromagnetic
beam of differential cross section area.

For this case,

con def +(80)

where the differential beams are as depicted in Fig. D.2,

The power coefficients are directly related to the power density coefficients.

Using
dPi 'nid/bi
Fig.D.2
=~(81) dPR "Rd{'R dz
dP m_dl
ol
gives
TR¥g
80 - (82) _ 1
81 ’ T, *
L I 2
r T

Using the expressions relating the differential lengths,

d{,i s i
Fig.D.2 | - .
—g———r(83) d&R df/s wsi ,

d&r s T

gives the power reflection and transmission coefficients in terms of the power density

reflection and transmission coefficients,
QUANTUM ENGINEERING, INC.
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P n
82 i
—rr—r e | " '
’ | T cosS T
i
% P E cos i T‘n’

Hence, the power reflection and transmission coefficients in terms of the electric

field reflection and transmission coefficients are given by

2
1-‘P 1:‘E
__8f‘___-..(85) =
75 ‘ {Z.cosx 2 *
T o T
P '%_cosi E
l | x
For the K=H. case,
84
2 . _  tani 2
75— Tp = g Tg -

Expressing this in terms of the sine angles gives

2
86 . _ sini [l=-sin"xr 2
— @ Tp = smr,/l 7 T -
- sin’i

Expressing this in terms of the refractive indices gives

- .2,
87 n ni =Sin 1 2.
’ ;e-—a-é ? 1= Sinzi B

The power transmission curves are graphed in Fig. D. 3 for H-waves and in
Fig. D .4 for E-waves. These curves have several interesting features:
1. For incidence angles less than but not too close to the critical angle the
transmission factors vary relatively little with incidence angle.
As the incidence angle closely approaches the critical angle the power

transmission factor rapidly drops to zero.

2. The transmission factor decreases monotonically with increasing incidence
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angle for H-waves; whereas for E-waves the transmission factor first increases
with the incidence’ angle until it reaches a maximum of unity and thereafter
monotonically decreases with incidence angle. Consequently, if it is desired
transmit as large a fraction of the electromagnetic wave as possible, the E-wave

polarization should be employed.
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APPENDIX E: PROPAGATION IN A PLASMA

E.1 Introduction

The basic concepts of propagation were treated in Appendix C., The effect
of the charges were subsumed in the constitutive parameters and the propagation
formulae were given in terms of the constitutive parameters. If the charged
particle densities and their collision frequencies are specified instead of the
constitutive parameters, it is genefally more convenient to have the propagation
formulae in terms of the particle densities and collision frequencies, or at least |

have the constitutive parameters expressed in terms of these quantities

E.2 Field Equations

A plasma is an aggregate of charges in iree space. Consequentiy the con-

stitutive parameters for free space,

-12 1 -9
sym def, ’!f € 8.855x 10 "“farad/m 367 X 10 " f/m
vacuum B _ -7 . N 6
TA-1.A-2 (1) i“ = by = 47x 10 ° henries/m ~ |1.257 x10 "h/m
A 0 0

must be used in the field equations. The constitutive equations for free space

reduce to
;’15 € B
X @ | =
IIB b H

The description of phenomena in terms of the constituent particles in a vacuum
requires that the charge and current densities be the total charge and current

densities since there is no subsumption of these in the vacuum constitutive parameters.
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The field sources must now be specified on the basis of individual species,

oo ~ ~
i current
. s
sym def o/ ! . : j .
—_——— (3) { » = the species-s ¢ ; density
= I charge
AN \ -

in order to iucilitate the analytic derivation. The total field source densities are

|
J

=i
He

N

superposition (

1
o

|
ul>~1

1
i

0

O

Maxwell's equations can now be expressed in the form

Vx pu E 0
C-83 _ o vt o
—z, ~ T
2 0 v H 0
and
C-84 N l _oN
—————-——"\7‘() i ! = / }
21,& ; f 15!
i-€. 3, VxH 5o
| j i s

E.3 Ticld Sources

The particles comprising a species are defined by their characteristics

and behavior

(n”l : rmas S w

|
’ qs l ;charge
1 |
sym def | (7) \ ur ‘) = the species-s particle Jvelocit*y
I ng ’ \density ‘
(I'\Vs , gcollision ;
Lfrequencyj;
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Formulation of a meaningful number density requires the formulation of

_Sym del def (8) AS = an intermediate size volume element

that satisfies the double inequality

macro-density

requirements

> (9) spacing between

' wavelength and
neighboring particles

structural dimensions

<< dimensions of As <<

A meaningful number density is then given in texms of

_Sym def (10) N, = the number of species-s particles in AS
by
thS def N /110 — NS
- 7 \iiy 1i - _—
s Ag

This type of density is called a macro-density. If the intermediate size volume
dimensions are smaller than the average spacing befween nearest neighbor particles
but larger than the size of the particles themselves, then the density fluctuates
between zero and the value corresponding to one particle (occasionally several
particles) depending on whether or not a particle (or several particles) is in the
volume. If the volume dimensions become smaller, the fluctuations become larger.
In the limit, as the dimensions go to zero, the density fluctuates between zero and
infinity. This type of density, micro-density, is not useful in the development of

continuum analysis for an aggregate of discrete particles.

The charge density for each species is given by

Mﬁ.a,_ (12) pS = q.n ,

S 8

and the current density for each species is given by
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There are two species of interest,

N - ™
ce " clectrons |

i Lions :
N “ ~

svim def ., . : )
———— {lx) |, 10X

I N

if there is only one type of heavy ion. Consequently

, 7 TR
<l 1.’
T T -
- — (15) = | .
"o if'x’; QO
o P+ O
1 e
| x
Since

the source densities are given by

—_— o ————
e CI. _11(3
15 . ot
5w = :

12,10, 10

In & neutral plasia,

SCUT ALy : (15) 111

ne N

aud Seace the source densities reduce to

'—__Y‘l\f‘——\/— ( 1 9)

-
E
1
o
=

N L SR St 7 o I IR ]
COANTUV INZINZERING, (NG
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Since the ions are very heavy compared to the electrons their responses to a

given field will be small

m, >> m
— S (20) [wi] << lmel

With this approximation the source densities reduce to

o 0
1
—--—-——-a—zg 1) ' -
L "eneule

E.4 Force Equation

The force on a species-s charged particle moving in an electric and a magnetic

ficld is given by
Newton, d
Lorentz 2 M1
( 2) —dc = qs(IE+ Ug x IB)

The electric and magnetic fields fluctuate strongly along a path through the

aggregate of charged particles. This is due to the great increase in field strengths
of each individual particle as the path approaches it. In the treatment of a macroscopic
aggregate of particles on a continium basis, it is convenient to work with the
macro-averages of quantities (i.e. averages over the volume element AS defined

in equation (9) rather than the highly fluctuation micro-averages between the
charged particles. While Maxwell's equations for the macro-averaged fields

are the same as those for the microscale fields this is not so for the force equations.
The reason for this resides in the manner in which the macro-averages are obtained.
The macro-average for the microscale fields is obtained by integrating over the
entire volume,As,and consequently the highly fluctuating portion of the fields of

the individual particles average to zero. The macro-average of the highly fluctuating
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microscale forces on the charged particles does not average out to zero because .

the average is taken over the particle trajectories within the volume element AS .

and not over the entire volume of AS. he highly fluctuating portion of the

microscale forces are the collision forces between the particles.
The mass of specics=s particles in the cell AS is given by

71,10

—(28) My

1l

N m ,
s s

and the charge of species=-s particles in the cell AS is given by

72, 10

— (24 Q, = N,

The momentum transferred to the species-s particles in AS by collisions (micro-

scale interaction forces),

J&d—d—»— (23) IE. = the averaged force exerted by collisions ,

C

is expressed as a separate term in the force equation for the aggregate of species-s

particles in the cell, thus,

macro-uverage

(22) dM u

—~(26) —gr— = QE+uxB)+L

where the clectric and magnetic field are now the macro-averages. Interms of

SV lef ] isi

sym def (27) I%l = the momentum gained per unit collision
and

sym def . (28) v, = the number of unit collisions per unit time,

QUANTUM ENCINIIRING, INC.
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the collision force exerted on the aggregate of species-s particles in AS is given
by

Newton

addition . _
@) E = NyR,

By definition, a unit collision is one that brings a particle with the macro-average

velocity to rest. Hence, the momentum loss is the momentum just prior to

collision, The momentum gained per unit collision is consequently given by

S S

M(go) B, = -mau

Consequently

~

— B Gy B - Numu,

and hence the equation of motion for the species-s contents of As is given by

g? > (32) %L—l—s- = Q@E+u_xB)-NVm u
dt T s s s’s s s

An effective equation of motion for an individual particle is given by dividing

through by the number of particles

(32) + Ns : dmsms
__-_.+ ——— =
53,24 (33) It + ymoug qs(]E+ msxlB)

While this equation now appears to be for each individual particle of species-s, it
really is for the average particle of the combined aggregate of species-s particles
in the small volume cell over which the macro-average was taken., Consequently,
the range of validity is greater than the equation per se implies. If this equation
of motion were for onc particle only, its validity would depend on the collision

frequency being large compared to the signal frequency. However this equation
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Fig. E.1 Originally Neutral Plasma with a Displaced Volume of Electrons.
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is also valid for collision frequencies that are small compared to the signal frequency
since the large number of particles in the cell makes the collisions per cell per

unit time sufficiently large.

Initial considerations are restricted to the cases for which there is no superimposed
fluid motion and for which the induced oscillatory flow is small,
negligible
id i 1\ d
fluid motio 4 L 3 ,

dt t

and for which there is no significant applied magnetic field, so that

negligible applied field
non relativistic case

(35) |uxB| << |E|

Under these conditions, the species equation of motion reduces to*

22
v . -
34, 35 (36) msatms+ Usmsus qsIE

E.5 Plasma Frequency

If a volume of electrons is displac‘ed from its neutral position, as depicted
in Fig. E.1, the plasma is no longer neutral, If the electron density in the plasma
were originally uniform, such a displacement would produce two regions of charge.
1f the electron density was originally nonuniform there would now be a net charge
density over the entire displaced volume as well as over its original position,
The separated charges produce an electric field which exerts a restoring force
that tends to pull them back to their original position. When the displaced volume

of charges reaches its original position, the momentum acquired in the process

—
A more general case, including fluid motion, magnetic fields and compressibility,
is given in Reference F-1.
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causes an overshoot. As a consequence of the restoring forces and the momentum, *

the displaced charges oscillate back and forth about the neutral position. For the ‘ .

collisionless case the frequency of oscillation is called

—sym def (37 fp = the plasma frequency.
If collisions are present, the resonant plasma frequency is lower than the plasma
frequency.

The plasma frequency can be obtained from the equation of motion, The ion
mass is so large compared to the electron mass that ion motion can be neglected.

In this case only the equation of motion for the electrons need be considered,

36 _
m (38) meatue = elE .
Gauss' law for this case is

6 1
._—_____y- . = -
(39) GVV IE e(ni ne)

The remaining field equation needed (Maxwell's generalization of Ampere's Law)
is

6

—2 »~ (40) VxH = €3 E+i

Since the magnetic field does not have a significant effect on the current, even
though the current creates a magnetic field, it is more convenient to eliminate

the magnetic field from this field equation. Using

vector

identity > (41) V-V X (any vector) = 0

gives

QUANTUM ENGINEERING, INC.
E-10




10,41 —(42) 0 = evatv-IEJrv-ﬁ

Since the ion motion is negligible, the current density is that of the electrons
only, hence
42

21, — (43) ¢ P VE = en vu,

Removing n, from inside the del operator restricts the results to the case for
a negligible spatial variation of electron density over the displaced region. It

is more convenient to express the equation in terms of

sym def (44) n _ the deviation of the electron number
1 density from the neutrality value
which is

=
|
=
'
=

‘ phys deg (45)

In terms of this, Gauss' law becomes

39 S . = -
—-‘—4—5——/‘ (46) €VV E en

and the Maxwell -Ampere law becomes

43 =~ = -
46 (47) oy nVeig

Converting the equation of motion to facilitate elimination of the electric field

intensity and electron velocity gives

38 . = o,
—————~ (48) m_ 3 veu, eV-IE

Therefore
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m 2 *
48 e 2 - €
—ag W) -y -m
e v
or
49 2 € e
—_— =
(50) atnl-i- . n, 0
v €

This is the harmonic motion equation whose solution is

=
50 - : ene

———> (51) ny = meosj l—- t+oé},
JV e

y

where the two constants of integration are

_sym def _ (52) 'ﬁl = the peak value of n;
and
sym def - . -
(53) ¢ = the oscillation phase at t=0

The angular frequency of the plasma charge displacement is given by

2
e’n
— 5w - ‘v’:e
and the plasma frequency by
54 1 e2ne
——————> (55) fp = g e om Hz .
Evaluating the constants gives
Sy (56) f) = 8.97[a, Hz ~ ORT H,
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E.6 Propagation in a Plasma

A great variety of waves can propagate in a plasmaE -2. Only elementary

plane electromagnetic waves are considered here, hence

Consequently the field equation reduces to

s 6 BX -wy, lIE 0
1’72
21,57 > (58) -
we, IH -jeneme
and
i o
52,62 s y B
57O B S ’
L H 0

and the equation of motion reduces to

— 30 o (60) (jw +vyman, = -E

Eliminating the velocity field and the magnetic field gives

58 4
2 b4 B xE - -e I
_—3_—*581, 0 (61) B x ® iy twe, E jen, —-———-————me(v 70)

Expanding the triple vector pfoduct and multiplying through by wy,, gives

2
\
e n wy,

61 aon %o va 2 _ }
(62) FEB-BBF \Spe, - gy BT 0
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Consequently, .

2
67 v 2 € n,WH,
- =
————->-59 (63) [B w uv€v+ m——(———ye o =TV ]]E 0

Since only fields which are not identically zero are of interest, it is necessary that

2
63 v2 2 € n W,
———— - + . -
(64) B W €y —-T——)e R 0

The complex phase propagation factor is consequently given by.

64 voa 2 € ng
— % 65 B° = wuvev[l-mm(w_w)]

It is convenient to express this in terms of the vacuum phase factor

C-122 _
(60 g = wipe

and the plasma frequency, thus

2
o B - el o)

Expressingthis in terms of the real phase and attenuation factors, and rationalizing

the right hand side gives

— T (68 p%-of 2Ba = BL[1- —E 5]

Consequently the phase and attenuation factors can be obtained by solving
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: w2
8% - o [ R T
| w T
. 2
28 : L4 >
} Y e
; @ w2+V2

It is convenient to utilize the refractive and extinction indices,

I

s

. L

By i

o

=]

D-28,D-39 (70)

x

since they are the phase and attenuation factors normalized with respect to the

vacuum phase factor value. Also using

2

w

sym def | (71) R = P
2 2
w Tty

gives the equations for the normalized phase and attenuation factors as

1-R
69 -
70,61 > (72) !
|ZR
| W
Using
72
7 I 2wn
to eliminate ® gives
72 : 2
1 2
—— (9 0t - (£) = 1R
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Hence the quadratic equation for n2 is

2
74 4 2 (uR -
e —————— - - - | X2 =
(75) n” -(1 -R)n o 0
Solving gives
” 2 2 2w

Since the phase factor is a real quantity, its square must be a positive number.

Consequently the negative sign in front of the square root is extraneous, hence

2 )

76 2 _ 1-R 1-R (VR
—_——— = —

) (77 = ) +/<T \2%
n~ =20
Consequently

2 2

77 — 1 ( (U

—_— = e - - v
(78) n + 1 R+j 1 R) + wR) o

z

The plus and minus signs in front of the root are for positively and negatively traveling
waves respectively, and hereafter are omitted, but are to be understood. The

normalized attenuation factor, the extinction index, is given by

VR

7 ot -we TR (ERT

+ (19

Rearranging gives

— P ~(80) x = —1—]- 1+R+j(1 -R )%+ (-‘iR)2
Jz w
It is convenient to combine the refractive and extinction coefficient formulae into .

a single formula
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~o an . o ! l 1! u/ l\ h 2 2
—’—‘)’SU——\;—(SI)(‘ ) = — (1-R){ H(1-R) +(£—R)
o J2 QY
N
Removing the abbreviated symbols gives
r
,Rwl " 2 ) )
81 . o @z/ Wp 1 Wp N2y @p o N2
—or (2 () = T\ I\ =) Y\T T2 :
VT w Ty -1 w ty w tw

g

It is frequently convenient to normalize the plasma and collision frequencies

with respect to the signal frequency or angular frequency, thus

Y 1 wp

y P
(S

O,)t AN Ry 1+ 1
or
S 1 3 7
3 2 2 2 2
w e e ) Jer ) ()
___—fr@$< ) T —5
i v
LaJ \[ (]
or
() [1 / , 2
B | / 2, 2 2 [ 2 2
85 \(%)< _ A U-$+%)1;}t;+%fﬁ-%>+%
G
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or

B 8 U2 1
__ﬁﬁ___,). (87) = v (1 - _L2.>
2 1+vy 1
o c

The most convenient form to use depends on the parameter range. The refractive
index is graphed in Fig. E.2 and E. 3 for different parameter ranges. It is more
convenient to have the attenuation in db per free space wavelength than in terms

of the extinction index in nepers per radian, hence

'702

1 neper=8.7

= (88) axv = 2rxx8.7 = S4ndbperA

is plotted in Figs. E.4 and E. 5.

E.7 Phase Factor Minimum

The smallest value of the refractive index,

S e o i e I

\[T 1+y 1Y 1ty

occurs when the quantity under the square root is a minimum. The value of I{)

for which n is a minimum is obtainable from

-
2 2 2
) 2 v 2
calculus, 89 (90) ddu 1 p2+ (1__12_) +(c_'{)2_) = 0 .
bl 1ty 1yl Ny

This development is simplified by using
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. ] 7]
sym def ©1) x = p ; ,
1+y
(o
in which case,
920 d | 2, 2 2] _
—_—————— — -x + - + =
= 02 S li-x+ [0 vyx 0

Differentiating gives

21 -x) (~1)+ 21
= (93) -1+% = 0 .
\’i(l-X)Z*‘vczxz

92

Simplifying gives

— B o9 (10l = -0 eiE

Squaring gives

295 1-0f-21-0vxrfxd = @ -0iyx
Simplifying gives
_ 95 ) 21-0+x = x
Therefore
—2 9n x = 25
l-*-uC
Consequently
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91,97

2
98 = 2 ,
(98) 'y
and
98
—_— = = 1
(99) Y, 2 1.414

The minimum value of refractive index is given by

2, 20 &
S n = L0 2) ()
J'Z_‘ 1+1{: 1+:{: 1+uc
' 2
2 (2_> 2
.l_ % 1+ % 1 +4yc
{2 u2+1 (uc2+1>2
and hence
v
_1_09__>.(101) % = c
2
uc+l

An approximation for the refractive index in the vicinity of its minimum value

is given by using

_§E’l_d_€f__>_<102) Alf) = vp -J‘f‘

where

restriction (103) IAvpl << Vp

It should be noted that terms through the square must be retained but higher power
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.

terms can be dropped. Conscquently the expression for the refractive index can

be expressed in the form

f
|

{ 2 [
87 | 2+2[2 Ay +(Av)” | 272+ A
1 10 A _ 1 i N ! N o
7z 1+, \ L+, P p.

Simplifying and retaining terms only through the square in Avp under the inner root

gives
y! 2+22 Av_+(A )2 ‘ 2]27+5A
. ! J v Y j (2 TS5 Ay
104 (105) n = ézl— g P +;1-I—2——1:32 Av,
Z Ly I
Using
RE3(5. 3) . - 112 1 3 ...
(106) Jl+x 1+2x gX +B-x

to expand the inner root and dropping terms beyond the second power in Aup gives

5 - )
2+2V2 Av_t(AV) 22+5Av 20V
, ' 1+ 1+, 1+y

Collecting terms and simplifying give

2
(Av)” ,
107 . (108) n = |1--% 5+ 2 pz - 12>
. l-*-uC l+vC l+vc
and hence
| { 2
v (Av)
108 109) n = —C& j1+2-—P
) 2
1+vC / l+uc
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Expanding the root and keeping terms only through the second Aup gives

2

(Av.)

0 2
l+%

E.8 Approximation for Small Plasma Frequencies

For small plasma frequencies,

(111) up2 << 1 ,

condition

the normalized phase and attenuation factors can be approximated by

_871’1110'6' > (112) = = <1 -—L 2') {‘}” —5 sz
y Jz 1ty " 1+,
Hence
Copl - 2\
n 2-—L-(2-30
1+y P
(o
112 - (113) = .l_ < >
J2 %v:
* 1+y
N\ (o J
Consequently,
1.2
1->v
n 1- 4 g vz
l+yc p
__L&.__>.(114) =
2
.7
% — P
l+yc

Simplifying, retaining terms only through the second power in up, gives
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i ,/2
n 1-% 92
: l+%
114 _ ;
———(115) =
% '}; p2
TR

It is more convenient to use the attenuation in db per vacuum wavelength

38 8.77rV2 27.31/2
—{ (116) oA = —P = P g per vacuum wavelength
) M ) —
J 1+yC !l+uc

E.9 Approximation for Large Plasma Frequency

For large plasma frequencies
condition _ (117) 2

2
+
Vp >> 1 UC ’

the phase and attenuation factors can be approximated by

N
; n ; 2 ( 2
P ‘ 1
— Sy () = L5 +
117 \ T l14p? -1 T2
=3 VAR 1+y
N N c
Simplifying gives
r ' -
) yo 0
118 — (119) > = P ! l+1/cz + }
! 2 -1
o 1+1
G NT iy \/ J

E.10 Approximation for Small Collision Frequency

For small collision frequency compared to the signal frequency
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condition (120) Vc - v << 1

It is convenient to use approximations for the phase and attenuation factors, or
their normalized values, the refractive and extinction coefficients. These are

readily obtainable from

. R<1 . R>1
f__z v R
n 1-R+xn &3-2—%
— 72 -, (o1 = :
v R 2
n ZJ-ZTI- R~-1+n
Using
120,121 R<1l | R>1

x2<<1-R |n?<<R-1

gives
R+ 1
_ R<1 R>1
- ¥ R
n JI-R © In
121
159 (123) =
v R -
n ZOE R-1

Expressing without the abbreviations gives
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p
w +y>w§ j w2+u2<w
t :E 2
i w 9 w
8 - —E ATl
| X w+y2 2HW w2+U2
123 , —
—_—  (124) = B
\ 1
71,70 ’ v | wz I 5
o L4 D / P -1
2nw w2+v2 N w2+v2

Reducing further gives

w & W
— P
w> W w<
? 2 yw?
'B l1-2 1 —2,
I W% 2nw
124, _
—150 = (125 | B,
| uw2 i{wz
‘ ! D f; P
Lo P 5 -1
! | 2nw ‘; w?

E.11 Approximation for Large Collision Frequency

For large collision freqguency compared to the signal frequency

condgition (126) %,\>> 1

the parameter R becomes

71

,
126 o (127) R. - _2— ’

hence the propagation parameters become

r— F‘“;z‘
2 2

n" -x ‘! 1- __zp_

v
2
)
[owy
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gives

128

129

(130)

> < W
v>w, | V< w,
wZ 2
x<<l——1:2)- n2<<-u-)g—-l
v v
u%wp
u>wp v<w
2 2
w w
AT
v WY
wZ
N
2nwy
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APPENDIX F: SIGNAL STRENGTH ALTERATION CAUSED BY AN
o INTERVENING MEDIUM

F.1 Introduction

The strength of a signal ray traversing an intervening medium is modified
by the following factors:

1. losses due to reflections,

2, signal beam cross section alteration due to refraction at interface,

and in inhomogeneous media,
3. absorption due to collisions and incoherent scattering,
4. signal beam divergence alterations due to interface curvature.

The intervening medium of interest is the ion rocket exhaust beam.

F.2 Interface Transmission Effects

. Transmission through an interface alters the signal strength because:
1. reflection produces losses and
2. refraction alters the signal beam cross section,
Fig. F.1 illustrates a differential signal beam passing out of the ion exhaust beam.
In terms of

sym def

Fig-____,.F- 1. (1) d& = the differential output signal
(o] .
beam solid angle
and
sym def
———&———rFl .1 (2) dPO = the differential output signal beam power

the expression for

. sym def _ ~3) p = the output signal power intensity

(0]
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is given by

C-16,Fig. F.1 _ df,
- \4) po - -av .
0
In terms of
—M(S) TP = the power transmission coefficient
0 at the output surface

and

i

M(@) dp.

‘o the incident differential signal power on

the interior side of the output surface

the power in the differential output signal beam is given by

- D-80,
—=—(7) d& = TPOdPiO :

Fig. F.2 illustrates a differential signal beam passing into the ion exhaust

beam. In terms of

sym def —(8) TP
i

the power transmission coefficient
at the input surface

and

1}

M(g) dE the differential input signal power

the expression for

M(lO) | dP_, b= the differential power in the refracted beam
is

QUANTUM ENGINEERING, INC.
F-3




‘our[q ABY OU3 UT POMIIA SB WEdd ISNeyXy uo] 913 Surrejuyg weag [eudis g°d 314

=NG

NC.

i

NEERING,

Y
4

QUANTUM




D-80

—(11) dp, = T,dB .

Whgel
-

F.3 Interior Transmission Losses

Collision absorption and scattering attenuate the signal beam traversing the ion
exhaust beam interior, The signal beams, interior to the ion exhaust beam, depicted
in Figs. F.l and F.2 are different ends of the same signal beam; consequently, the
differential power at the input side of the output surface is related to the differential

power at the output side of the input surface by

beam

continuity . =

_continuity . ;) dB T, dP .

where

__symdef ~(13) T, = the transmission factor through the ion

exhaust beam interior for the differential
signal beam power. ‘

Figures F.1 and F.2 depict the rays inside the ion exhaust beam to be straight
lines. For the model being analyzed, this is correct only if the rays lie in a plane
perpendicular to the ion exhaust beam symmetry axis. Since the plasma density
varies with position, the index of refraction varies with position; hence, the rays
are generally curved. However, the ray paths are approximated by sFraight lines

in the preliminary analysis in this repoxrt.

F.4 Power Transmission Through the Ion Exhaust Beam

The differential output power can now be related to the differential input
power. Using

12

———(14)  dB_ = T, T, dP
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gives

7
._____.__——+. -
(15) dP0 IP r, T,de .

F.5 Power Intensity Alteration by the Ion Exhaust Beam

Of basic interest is the reduction in signal intensity due to the ion exhaust beam.

The signal intensity in the output beam can be expressed by

4 \
— 15 U0 p, = T ATPim

i
]
—

The signal intensity in the input beam is

. dP,
C-16,Fig. F.2 _ i
~(17) p; = a,
Consequently
1 . (18) T T
17 Py P ‘AP dt Pi
o} i o
In terms of
S def . . .
—m—-,-<19) TS = the signal beam spreading factor,
d€?,
con def _ i

The «{fect of the ion exhaust beam can be expressed by

18 . po _
5 —(21) -ﬁl— = TATPOTPiS .
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F.6 Effect of the Antenna Pattern

Since the signal ray direction ¢Xiting the ion exhaust beam differs from its
direction before entering the ion exhaust beam, and since the antenna gain generally
depends on the direction, the signal power intensity ratio that would be observed in
a given direction by switching the ion exhaust beam on and off is not that given by
(21). The antenna gain variation with angle must be taken into account in order to
give the observed ratio. This is done by expressing the signal power intensities

with directional arguments,

21
._—__.___}- . = . ’ -
(22) po(eo, (po) Ty TPo TPi Tg pl(fﬁi .(’Di)
The comparison should be made with the power intensity which would be received

in the absence of the ion beam, thus

22 po(eo’ <po) » pi( ei’ ‘oi)
—_—(23) XCAN) = T, T, T, T, XCTR .
pi o"po A Po P1 5 P; 0,900

Using the antenna gain function

; | p. (8,9)
_C_BO__;_(M) G(8,0) = _%37_
s )

gives the signal intensity variation factor caused by the ion exhaust beam

23 P G®;,9)
——+ ————— =
2 @) 5 TATPOTPiTS RN
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APPENDIX G: SIGNAL ATTENUATION IN THE ION EXHAUST BEAM

G.1 Introduction
A signal ray transversing the interior of the ion exhaust beam is depicted in

Fig. G.1. Within the ion exhaust beam, collisions and scattering produce

M(l) A = signal attenuation.

In terms of

sym def | Q) o

the attenuation factor

phys def 3) «

olp

the signal attenuation is given by

1
— 3 @) A = Lza({)d{ :
1

Electromagnetic theory gives the attenuation factor more directly than the attenuation,

whereas measurement gives the attenuation more directly than the attenuation factor.

The electric and magnetic field intensities of the output and input signal rays are

related via

_ out -
4,C75 s _ A

out

The power in a signal beam depends on the product of the electric and magnetic field

intensities, hence

(5) . _ -2A
——0) P, = Pe )
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Consequently,

sym def —(7) T

the power transfer function

con def —(8) 1:)out

T =

P.
~in
that accounts for the attenuation is given by

—8& ) T, = .

The attenuation can be obtained from (4). The path of integration, the signal ray
curve, can be specified by the ray entry point into the ion exhaust beam and by the
ray direction prior to entry. An alternate specification is by the entry into and exit

points from the ion exhaust beam.

If the signal path within the ion exhaust beam is perpendicular to the ion beam
axis, the attentuation factor does not vary along the internal path portion in the model

under consideration. In this case,

(4)

L2 o10) A aL,

where

sym def . a1y L

the length of the propagation path
within the ion exhaust beam.

G.2 Attenuation Factor Dependence on Position

The explicit functional dependence of & on position is required before the integral
for the attenuation can be evaluated. Solution for the general conditions of propagation
is beyond the scope of this preliminary investigation. Fortunately, the Jupiter orbiter

ion rocket driven spacecraft with the proposed ion -rockets has a maximum plasma
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frequency of

See: B9 _(19) T - 805 Mz

at the exhaust plane of the ion rocket. Consequently the maximum plasma frequency

normalized with respect to the signal frequency of 2.2 GHz is approximately

T
—12 ___ay R = F = 0.368 .

As shown in section B-12, the collision frequency is sufficiently small compared to the

signal frequency for the attenuation factor approximation,

E-130,
70,C-122 (14) a =

to be accurate. The validity of the above formula also depends on small gradients of

wp and V in comparison with the electric and magnetic field gradients.

It is convenient to represent the collision frequency and plasma angular frequency

in terms of their values at a reference position, which is taken at

sym def —(15) z, = the ion rocket engine exhaust surface.
Thus,
n
E 54 : (16) w = [9))] T i
P p er
and
B-88 . Te
—(17) Vv = Ur .
er
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With the origin at the apex of the cone used to approximate the envelope of the ion

exhaust beam, the electron density varies with position accoxding to

electron Z2
conservation, (18) n = 1 r
! e . er Z?

if recombination of electrons and cesium ions is neglected and the plasma density is
taken as uniform over a cross section of the cone perpendicular to the z-axis.  This

formula also neglects the effects of plasma oscillations and fluctuations,

It is generally convenient to normalize quantities with respect to their values at

the ion rocket exit plane, Z. . The ion exhaust beam radius at z., is given by

Fig.G.1, )
— 18 . (19) b zrtameh .

The angular plasma resonant frequency and the collision frequency are related to

position by

18 ‘ P pr %
and
ZZ
17 . _ T

The functional dependence of the attenuation on position is thus

w ZZ 2
Ve pr T >
w 2
14 2 z
— (2 a =
20, 21 o7
L- ( pr r)
\} w z

and thereby gives the explicit dependence of the integrand of (4) on the position.
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G.3 DPropagation Path Differential Length

The differential path length in the attenuation integral, (4), must also be expressed .
in terms of the common integration parameter, z, in order to evaluate the integral.

In terms of

!f xi’ yl, Zi 1nput
sym def _ (23) = the point cartesian coordinates
xo’ yo’ VA Output
and
sym def —(24) lx’ ly' lz = the cartesian unit vectors,

the expression for

sym def —(25) IL the distance vector from the

io input point to the output point
is given by
Fig.G.1. : _ . B
—(26) ILiO lx(xo xi)+ ly(y0 y.l)+ lz(zO zi)

If the curvature of the propagation path within the ion exhaust beam is negligible, the

distance vector from the input point to any point (X, y, z) on the propagation path is
27) IL = lx(x Xi) + ly(y Yi) + lz(z Zi)

The differential length vector is

27 _
——@) dIL = ldc+ldy+ldz .

The distance between the input and output points is
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2 9 L, = \} (g - x) "+ v, v 2y m )t

For the straight line propagation path approximation,

unit I
vector def (30) 1 _ io .
_————-9— = . N
L Lio

hence, the unit vector along the interior ray path is

30 . _ X0 T %4 Yo 7 Y4 %0 " %
%29 -G 1 o= L r— g —+ 1,
10 10 10

The scalar differential length along the ray path is

Ademtlty .32y dL = 1, dL

L
hence
X - X, y. - V. Z_ - Z
32 0 i 0 i 0 i
——g—ar——(33) dL = dx + dy + —dz
28, 31 Lio io I"io
The equation of the straight line ray is
geometry (34) X - MRS - 277
’ X =X, y -V, Z -Z, '
o i o i o i

The coordinate differentials are consequently related by

34 (35 & __dy _ _dz

X = X. -y z_ - Z,
(@) 1 yO yl o) 1

Eliminating the transverse coordinate differential, dx and dy, from the expression

for the differential path length gives
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X -X, X -X y -V. V.-V z -z, .
— B e an = L 0 lage G 10 a9 la .
io o] i io o i io
This simplifies to
L
36 io
— = .
9 (37) dL z - 7, dz

G.4 Attenuation Integral Evaluation

The attenuation integral can now be expressed as

2 4 z
4 ) _ Lio Urwprzr o dz
38) A =
22,37 zZ - Z, 2
o] i 2cWw z, W oz 2
44 ( pr’r > :
z w z
Integration is simplified by using the normalized parameter
sym def | - wz
R0 o= g -
prr
The integration differential is
39 N _ w
————=¢40) d¥ = > dz
pr'r
and the integration limits are
Wz
39 io
— - .= .
(41) C1,o Wz
prix
Hence, the attenuation integral can be expressed by
L,
38 io d
3y a0,ar 4D A= wf I ‘ :
CO - Cl 2c c4 1 - C—
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Using

RE3(283.01) (5 j 22 . _1 st Fcos L
e3 {“C'z"_ ) 28 C° -1 g
gives
, ' : B
( 2 -2 |
. Vz W I\;l -C g1 - L. - - |
42,43 (44) A = = l-oz 415 i — i cos™ o meosT |
. » i
0 1 pr L CO Si . ‘ 0 ti i
-

for the attenuation of the signal ray passing through the ion exhaust beam.

G.5 Attenuation of Signal Rays Passing Through Axis of Symmetry

The worst possible conditions which might exist are of special interest. The
class of propagation paths having the largest attenuationare those for which the signal
ray passes through the z-axis. Should the attenuation along these paths be insigni-~
ficant, this problem could be dismissed, otherwise it would be necessary to determine

the results for all paths.in order to determine the effective attenuation of a signal beam.

Because of the circular cylindrical symmetry of the ion exhaust beam, it is
appropriate to use circular cylindrical coordinates., These are related to rectangular

coordinates via

X P cos®
M(‘LS) y = |psing
z Z

Since the attenuation of a signal ray lying in a ¢ - constant plane is independent of
the ¢ - angle, it is convenient to choose the coordinate of the ray entrance point into

the ion exhaust beam such that
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With this choice and the ray passing through the z-axis, the ray exit point from the

ion exhaust beam is given by

Fig. G.1 X, 0
45, 46 (47) - )
Yo -Pi - (zo - zi) ta.nGh
Hence
L, 2p. 2
45947 ~(48) = ioz = |1+ (—————z _lz +tan9h> .
’ 0 i o] i
The attenuation can now be expressed by
-2 -2
Vzw 2p. 2J1-c JI-C.
49 A = g |1+ (————z L +tan9h> °_ . i
pr o ‘i 9% &
+cos L scostL
g %

To check the above equation, two special cases are separately derived: one for
which the signal ray is parallel to the z-axis,'AI K and the other for which the signal
ray is perpendicular to the z-axis, A .

4

G.6 Attenuation of Signal Rays Parallel to the Axis of Symmetry

For the signal ray parallel to the symmetry axis the total attenuation is given by

Z

4 (o]
—t 60 A = [ e@a

zZ,
1
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Hence

50 uerZrz: %o dz
'——2'2‘—-—/*'(51) A“ = j .

2cw2 z, 4 w .z 2
z\L - ( () _)
z
This checks (38) with Lio™%0 ~%4 and hence integrates to (44) with this change.

G.7 Attenuation of Signal Rays Perpendicular to the Axis of Symmetry

The attenuation factor does not vary over a path which is perpendicular to the

axis of symmetry; hence

— 4 (52 A, = a@L, .

The length of the internal path perpendicular to, and through, the z-axis is given by

Fig. G.1 (53) LJ_

= 2ztan Gh .
Consequently
v w? z4 tan@
= r prr h

52
33 53 (54) A-L -
’ 3 'wgr Zy 2
cw2 z 1- ( ) —z——)
In terms of the normalized parameter { this is

YV w tan
54 > (55) A = Ir Zr h .

39 1 2
prrc \IC -1

The reduction of (48) to the transverse case involves the evaluation of the

indeterminate form
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2 _ .

——-———}-49 = r Lim 2 3
(56) A = (z z.)* + ]
z z 4°w§r Z—7Z. J o i 2pi + (zo Zi) tan Gh .
2 2
\]Co-l \]Ci ! 11 -1
2 = cz + cos E— COS ?-
S i & - &

The first limit factor is trivial. Using the limit definition of the derivatives to evaluate

the second limit factor gives

56 ' _ "r“’zpi a \c2-1 11
— 0 .51 A = LN L 4 ocos™H
, L Zchr dg £

Using signal ray path length, which is the ion exhaust beam diameter for this case

_ﬂg-_G_'_l_,.(sg) L.L = 2p,

1

and differentiating gives

g |
— X9 A =4Zl?i[l—-?25\lc2-1+l i — Q—Eﬂ.

This simplifies to

v LOZL
59 (60) A_L T L

i}

2 3
2cwpr o y&® -1

Hence the attenuation of a signal ray passing through and perpendicular to the ion
exhaust beam axis is given by
V_wz_tanb

r r h

cwprC2 \’ CE -1
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This checks (55), thereby validating (49) for the transverse ray .case, and hence its

likelihood for the more general case.

G.8 Case for Signal Frequency Substantially above Plasma Frequency

If the signal frequency is larger (3 times or more) than the plasma frequéncy, the
attenuation formula simplifies to

4 Z

Urwzprzr Lip 0

=5, 20 Ay = g .
W >> W 2c (zo-zi) z, z

This is true for most cases of immediate interest according to (13). Integrating gives

2 4
62 (63 A. = r“or’rlio (1 1)
5 6cw2(z -z) z3 3 .
o} i i o

Expressing in terms of the normalized £ coordinate gives

2

63 . a A - qu.O _%__1_ ;
3 S el € -8\ G

This can be checked against the more general expression (43) by using

M(éS) \J’l-x = 1- X__I_XZ_%_X3__5§X4_..
and
—qu—)‘-,—(éé) cosflx = 7T %- 3. 30 >
Thus the expansion for the attenuation is given by
2 ‘ -l
43 _ V% Lia 1 111 T 11 io
396556 07 A= — — o\l m g )ty Ty
P09 4cwpr(?:o - &) g 28¢ 28" 8L £ 6L f
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Simplifying gives

67 V% Lo T _ 2 1 (%o
—r(68) A = 2p ['2' '_T-—'g""_J
sl (€, - ) 3 st Z,
Inserting the limits givés
vl
8 9 A = —p 10 e T Al
' 6qur (co B ci) Ci z':o 10Ci 108,

This checks the approximation given by (64).

G.9 Preparation of Attanuation Expressions for Graphing

The normalized parameter { introduced in (38) to facilitate integration, is not
convenient for comparison of attenuation caused by different ion rocket exhaust beams
because the normalizing factor z. varies ffom case to case. The divergence angle, .
the plasma frequency, and the initial beam radius differ for various cases; hence these
quantities should not be implicitly contained in the normalized distance, The frequency

range of interest is

_Chap. 1 _(70) 2,1GHz < f < 2.3GHz .

1

The corresponding wavelength range is
70 ‘ ‘
————>(71) 14,28 = XA = 13.04 cm

Since the frequency range is relatively narrow, it would be satisfactory to normalize the
distance with respect to the wavelength (or some suitable multiple of the wavelength)

of the center frequency. The center frequency is

— 70 @2 f = 2.2GHz ,
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and hence, the center frequency wavelength is

—-———7-2———}-(73) >\o =  13.63 cm

More generally, normalization can be made for any frequency in the range; for

example, the distance can be normalized directly with the signal wavelength
sym def z
—IE =74 5 = % .

As long as the parameters do not vary radically with the frequency, this normalization
is not likely to be misleading. The previous normalized distance in terms of the new

normalized distance is given by

w
— s = 22
prr

It is more convenient to express this by the form,

— D . 76) ¢ = K& ,

where K is the dimensionless ratio

sym def _ a WA
—L————r(77) K = 3 z—
prr
Since the initial beam radius br and the beam divergence half angle Gh are specified

more directly than the ion exhaust beam exit plane coordinate Z. it is more appropriate

to eliminate 2 to give

77 -
C-124,197 (78) K_ -

tan Gh
pr T

In terms of the particle density
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3.34 x 107 tan 6.
E-55,A-3

b In
r\ er

In terms of the normalized distance 3 , the attenuation through the ion exhaust

beam is given by

wV b _cotH 2r. 2 K8 -1
49 rr h i 0]
797 (80) A = — 1+ 6.;__74- tan9h> ELZ

|

pr i K 8

2
K’ -1 11 -1l
- + cos X cos "y 3
K Gi o i
where
p.
sym def - i
—EE=-6) 1y x
The special cases are
vrbrw

S5
—19.76 (82) AJ_

2.2 2
cwer 3 ‘/K 37 -1

and
io
64 N ) urbrw X coteh _% _15
76,78 " s 3 B
6Cwpr(ao ) 8i)K 8i 8o

It is convenient to introduce the dimensionless factor

V_wb V. b
sym def _ r r _ r r
___L_,.(g‘;) B = —& = = x -
pr pr

In terms of this factoxr the attenuation formulae are

QUANTUM ENGINEERING, INC.

o _G-16




: 27 2 k2% -
80 _ B j \ o o
) —(85) A = Zcoteh i1 +<8 2 +tan9h) _il—l?——z—-
U ° 1 / L 8o
szsiz -1 -1 1 -1»
-L—T——-’ +COS = = COS =
K 312 K3, 8 |
and
82 B
I -(86) A =
+ 2.2 022
k23 \]K 32 - 1
and
L
B cote :
___83__-,_(87) A, = :I ( - __13_
34 S . -3
6(3, - 3)K° C
Using
L 2
48 p 6
7481 (88) )\(8 . J < 81 + tan >
gives
B coth 2r 2 /
87 i 1 1 \
~—(89) A. = 1+ —— + tan® — - =
88 S 6K3 ° ; h K(%IB 83)

G.10 Transverse vs. Parallel Path Attenuations

A special case of interest is that for which the signal ray enters but does not leave

the ion exhaust beam cone:

89 .
——(90)
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For the special case for which the signal frequency is sufficiently above the plasma

resonant frequency,

86
>(91) A =
W >> wg,77' L5 K335
Consequently,
A

90 LS
—_— = - .

91 92) AH S 6 smHh
The two cases are equal if

92 =11 o
=59 8 = sin gz = 9.6
AI |S S h 6
Consequently

92,93

— 294 A > Ag i < 9.6°

and

92,93 , 0
____.’._7.. . .
(95) A”: S < A_LS if 9h> 9.6

It is expected that under conditions of interest for most ion exhaust beams the diver~

gence angle will be less than 9.6°. However, this point should be investigated.

G.1l1 Transverse Attenuation Case

If an upper bound on the collision frequency is considered to be provided by a one
electron volt speed differential between the electrons and ions, then in terms of the

ion exhaust beam parameter, the collision frequency to plasma frequency ratio

B-122 Ve

—Tjg—?‘(96) T = 3.06 x 10-

joi
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It should be noted here that the collision frequency utilized is that determined by a
drift velocity of the electrons with respect to the ions which is many times the mean
thermal speed of the electrons. If thermal equilibrium existed between the electrons
and ions, with the electron's temperature being that of the emitter, then the collision
frequency would be more than an order of magnitude larger, compare (B-118) and
(B-122), in which case the signal ray attenuation within the ion exhaust beam would be

very significant. The parameter B for the case considered is consequently given by

84 .
_W(97) B = 1.54 3" .

The parameter K is given by

79

_ -4 sp
—B—_-S—S',—Q—_l—’—ﬁ(QS) K = 6.12x 10 " tan Gh .

The normalized distance is

74 . b
———g'_—é—g—-—r‘(gg) 3 = XCOteh

consequently,

4, . 3/2

6.12x10 "bl
. Sp

NP

Expressing the ion exhaust beam radius in terms of other ion exhaust beam parameter

98x 99 . (100) Kz =

and using the wavelength for the center frequency give

I
100 . _ sp
—73 866 7 (101) KXg = 0.305 i .

Hence the attenuation of a signal ray which is perpendicular to and passes through the
ion exhaust beam axis is given by
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.3 .
54.3/ P .
—_9%6'13T"'(102) AL = =3 lb.b
Isp\l 1-10. 71b/Isp

Converting from nepers to dbs gives

’.3
102 _ 943 i Pb
T neper = (103) 2A, = 3 :
8.7 db Isp \/T‘ 10.71b/].sp

The net attenuation through a perpendicular path within the ion exhaust beam for

the case of the Jupiter orbiter example is given by

103

2 (104) 2A, = 7.6x107*db

at the exit plane, which is the maximum value for this case and decreases with inverse

second power of distance along the ion exhaust beam axis. While the attenuation

through some diagonal path may be somewhat higher it is not expected to very much '
higher. Hence for the ion rocket engines aontemplated for the next few years the

losses due to attenuation in the ion exhaust beam interior appear to be negligible.

It should be noted that the specific impulse is very large for the above case and
that the attenuation increases rapidly with decreasing specific impulse. Also, if
the electron drift velocity relative to the ions were negligible,the attenuation would
be substantially greater. Oscillations in the plasma may produce localized regions
in which the collision cross section and hence attenuation is orders of magnitude
larger than the average. Such circumstances require further investigation. Also,
if much larger ion engines are required, if larger current densities are utilized
and/or if lower signal frequenciés are employed, the attenuation through the beam

interior can be objectionably high.
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APPENDIX H: SIGNAL REDUCTION DUE TO REFLECTION AT
THE ION ROCKET EXHAUST BEAM SURFACE

H.1 Introduction

The signal strength is also decreased by reflections at the surface of the ion
exhaust beam. The reflection losses are accounted for by the use of interface
transmission factors. The analysis presented here is for the case of two reflections:
one upon entering and one upon exiting the ion exhaust beam. A more extended
analysis is required for cases where the ion exhaust beam is inhomogeneous over
the cross section perpendicular to its symmetry axis. Because of the complexity
of the general problem, this effort is limited to estimating the importance of the
reflection losses under various extreme conditions, Losses for the case of normal
incidence are considered first, The reflection loss becomes 100% as the incident
ray approaches the critical angle. Hence, regardless of how tenuous the ion exhaust
beam is, there will be a range of parameters over which the signal ray is totally
blocked for the ion exhaust beam model used. Some bounds on this range are deter -

mined for the cases of reception and transmission.

H.2 Transmission Loss for Nearly Normal Incidence

For nearly normal incidence,

condition O i<<1
Snell's law
sin i input™)
_ : sinr
—Q—l-"-)‘-’—l-)—-léy&) n = at the surface
sinr output
sin i

gives, if the refractive index does not differ too greatly from unity,
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Fig. H.1 Power Reflection Coefficient Versus Index of Refraction
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" -——21—;—(3) r <<1 .,

In this case Snell's law simplifies to

{
_—123_;.(4) n = at the surface,
output

T
i

\ i { input

and the reflection coefficients for both E and H -waves reduce to the same thing,

D-59, D-60 H i-r
———t = = = - N
1,3 (5) rE Fg 1-‘E i+r
Consequently
n-1 input
5 H n+ 1
——— = = = R
3 (6) l"E I‘g PE at the surface
. 1 -n outpu
14+ n

The power transmission loss factor is thus

_ o \2
s 0 5, - (2]

For refractive indices near zero and unity this simplifies to

1 -4n n << 1
7
—_—r = ‘
@) 1p Y
<T> n-1<<1

The power reflection coefficient is graphed in Fig, H.1,

The index of refraction for a plasma is given by
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v/ -
- 1 -2 _ w< W

w/\\/ W p

V

8N
|3

o

\

if the collision frequency is sufficiently small compared to the signal frequency.

For small values of the plasma resonant frequency

. f w
restriction P p 1
__..____—?_ =

10) = © 3

the expression for the refractive index simplifies to

2
9 w
11 ~ 1 - w> 3w
— > —5 3

Consequently the power reflection coefficient expression simplifies to

oA ¢4
7 o r = P = B w>3w
10,11 7 (12) P 16w - 161 p

For the case of the center frequency

w
E-56 p _ -9
S EVWIC: T (13) ™ = 4,08x10 "ne .

Expressing the normalized plasma frequency in terms of ion beam parameters

gives

w
13 b
..—-...—+ =
g4

Consequently the plasma refractive index can be expressed in the form,
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Fig. H.3 Power reflection coeeficient, I‘p, versus specific impulse, I sp’
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for various current densities.
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1
—212_as) n = 1-10.62 2
sp
i
= 1- 5312, I >10.621, .
Sp S

In this case, the reflection factor takes the particularly simple form

2
12 oY 1 .
—_ = 7.8 —— , % . :
o 16) T 7.08 2 31> 10.62 iy
sp

The refractive index as a function of the specific impulse and ion current density is
depicted in Fig. H.2. The power reflection coefficient as a function of the specific

impulse and current density is depicted in Fig. H.3.

Interpretation of these curves is as follows, For refractive indices near
unity, the reflection coefficient is negligible, but as the refraction index goes to
zero, the reflection coefficient goes to unity as depicted in Fig, H.1. Unity reflec-
tion coefficient means total signal loss., Fig. H.2 depicts how the refractive index
varies with the ion exhaust beam parameters; the smaller the specific impulse and/or
the higher the ion emission current density the smaller the refractive index. Fig.H.3
gives the composite information of the previous two figures. For example, the ion
emission current density of 30 ma/c:m2 curve, for a specific impulse of 12, 000 sec-
onds, gives a power reflection coefficient 0.0044. Hence, for the next generation
of ion rockets anticipated, nearly normal incidence of signal rays in the chosen
frequency band will not experience appreciable reflection. However, it should be
noted that the power reflection coefficient becomes very large as the specific impulse
drops and may become objectionally large for specific impulses in the low thousands

of seconds.
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H.3 Reilection Loss Considerations for Arbitrary Incidence Angle

The interface power transmission factor is

D-88

-(17) T, = T

+X input
) at the { surface.,
-J

output

The field transmission factors are polarization dependent; hence, each polarization

has a different transmission factor,

I‘E
D-59,,D-60 E . .
2 2 _ 2sinrcosi
»(18) = — .
. sin(i+r
H
PE

The interface power transmission factors are plotted as functions of the incidence

angles for various values of the refractive index in Fig. D.3 and D. 4.

A considerable amount of labor is required to determine the reduction in signal

power received by use of the above formulae. Fig. D.3 and D.4 show that a sub-
stantial reflection loss only occurs near and beyond the critical incidence angle for
any value of refractive index, n, which is substantially greater than zero. Conse-
quently, the seriousness of the reflection loss is primarily represented by the fraction
of the total received or transmitted signal which is completely blocked by the ion
exhaust beam, For the received signal, the area blockage is the important factor.
For the transmitted signal, the solid angle blockage is the important factor. This
appendix considers the blocking planar angles in the principal planes. These could be

used for estimating partial bounds on the blocked solid angle and the blocked area.

The transmission coefficient dependence on the incident ray entrance position
into the ion exhaust beam is of prime interest. The position is specified by a
peripheral coordinate around the ion exhaust beam and longitudinal coordinate along

the ion exhaust beam. The geometry for the general case is quite involved. Two ‘

special cases considered are:
QUANTU ' ENGINEERING, INC.
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H.4 Fraction of ion exhaust beam which completely blocks
plane wave perpendicular to axis of symmetry.
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1. variation along the surface in the longitudinal cross section
containing the axis of symmetry.
2. variation around the surface in a cross section perpendicular

to the axis of symmetry.

H.4 Minimum Transverse Blockage Factor for Reception

Signal rays incident on the ion exhaust beam surface at angles equal to or
greater than the critical angle are completely blocked, Fig. H.5 depicts the case
for parallel rays in a plane perpendicular to the ion exhaust beam axis. For this
case, the portion of the ion exhaust beam radius which completely blocks the

incident ray is
Fig. H.4 _ Lot 3
8. T 24 (19) bBR = b(l - sin 1C)

Using the relation between the critical angle and the refractive index

'——Qﬁ——-}-(ZO) n = sin ic ,
r=%1

gives
b
19 BR
50 >-(21) 5 = 1l-n |,
and hence ,
b
21 BR - - >

Expressing the fractional blockage in terms of specific impulse and current density

gives
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b i i

22 BR b
_-_—__>.. — = - - .
= (23) 1 Jl 10.62 -

For large ratios of specific impulse to ion emission current density this reduces to

b i
~(24) SR = 5312

b
5p

23

The blockage ratio is plotted in Fig. H.4. For the Jupiter orbiter spacecraft example,
the lSma/cm2 ion emission curve, for a specific impulse of 12,000 seconds gives a
blockage of 0.066, i.e. 6.6 percent of the ion exhaust beam diameter completly blocks
transmission of signal rays. As the incidence angle becomes more oblique to the
surface, the fractional beam diameter which completely blocks signal rays increases

until the entire ion exhaust beam diameter blocks the signal transmission.

H.5 Minimum Longitudinal Blockage Angle for Reception

The geometry for this case is depicted in Fig. H.6. The angular range, mea-
sured from the z-axis, for which the incoming ray will not penetrate the ion exhaust

beam is given by

 Fig. H.6 _ i
—Be25(25) B = W o-i + 6

The refractive index as a function of position along the ion exhaust beam is given by

9 ?E Zr ’
W(26) np = 1 - w0z .

A more appropriate quantity to normalize z to,is the beam radius at the exit plane,

| )
- fw __b_cotH
26 _ pr r h ).
oo @) = \’1 '<w Z > .

In terms of distance normalized with respect to wavelength
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. 27 / wpr br cot Gh
o —G73 @ np, =\ e x 3

Using the parameter K to designate the beam properties gives

28 i
2 29) n. = |l - —in
G-77 P <22

This refractive index is plotted against 3 for various values of K in Fig. H.7. For

refractive index values near umity, itis more convenient to use
2 .
——0—7—(30) n = cos (%’77 - lc>

to give

29 ‘ O f 1
————30—>—(31) cos (%17-1(:) = [1 - Ezg—z .

For a plasma frequency small compared to the signal frequency,

w2<< w2

(32) K%3?% > 1

. . . s fes : ) (o} .
The refractive index is near unity and the critical angle is near 90°. For this case

, 2
31 - l Tr - 1 ) LI - - l s e e
— @) 1-5 (F-a ) + = 1
2K™ 3
hence
33 | N
——(34) e * 2 °K%§

Therefore the incoming ray blocking angle range is given by

® 25

- 1
3 ———(35) 6 = o=+ 08

BR K3
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The maximum blocking angle range is given by the minimum 3 ; consequently

35 1
—
———-——Wr 2-(36) OBR T—?‘r + Gh .
Hence

36 _ r '
G-73/G-19,G-76" {37) GBR = 9h+ al?_ radians.

For this formula to be accurate, the blocking angle range must be small compared to
one radian. If the blocking angle is not small compared to a radian, then (31) must be
used instead of (34). One of the major unknowns that remains to be determined is the
ion exhaust beam divergence angle, It is interesting to note that the normalized plasma

frequency is equal to the difference between the blocking angle and the ion exhaust beam

half angle
w f '
37 pr _ Ipr _ -
8 5 = 7 7 G - &

Expressing this in terms of specific impulse and ion current density gives
w ’ i
38 pr b
- = —— - . ———
— (39) eBR Gh 5 3.26 Isp

This is graphed in Fig. H.8. The dashed portions vof the curve represent the regions
where the plasma frequency is not sufficiently smaller than the signal frequency for the
approximation to be accurate. As an example, consider the Jupiter orbiter spacecraft
design parameters, ib = 15ma/cm2 and ISp = 12, 000 seconds which gives a blockage angle

of 0.37 radians i.e. 21.1°, This isa fairly significant blockage angle.

H.6 Blocking Angles for Transmission

The blocking angles for transmission are different from those for reception
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because of the difference in the geometry between a parallel bundle of rays and a
diverging bundle of rays. The overall effect on the receiver beam power and the .
transmitted power which is received by a distant station is the same because of

reciprocity; however, the effect on an individual ray is not.
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APPENDIX I: SIGNAL STRENGTH REDUCTION DUE TO SIGNAL BEAM DIVERGENCE

I.1 Introduction

The ion exhaust beam acts as a divergent lens on the signal rays passing through
it as illustrated in Figs, I.1, 1.2, 1.3, andI.4. Figs. I.1 and I.2 depict the case for
signal rays in the plane perpendicular to the ion exhaust beam axis for the cases of
reception and transmission respectively, Figs. 1.3 and 1.4 depict the signal rays in
the plane containing the ion exhaust beam axis for the cases of reception and trans-

mission respectively,

The power -intensity -divergence transmission factor (reciprocal spreading factor)

is given by
F-20 o - di,
% — .
» S dt i'o

It is more convenient to think in terms of

sym def | @) SQ

the solid angle spreading (magnification) factor

dQO
df,

1

d
geom ef 3) SQ

i

than in terms of the power -intensity-divergence transmission factor in the formula-
tional stage. The spreading factor varies with direction, It is convenient to divide a
signal beam into differential signal beams by means of constant~coordinate surfaces

which are separated by a differential coordinate change. Using ¢ -plane and 6 -cone
coordinate surfaces allows the solid-angle -spreading factor to be expressed in terms

of the product of two plane-angle-spreading factors

omet —
LSOMEY o (4) Sy = 5658
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Fig. I.1. Divergence of a parallel bundle of signal rays through an
ion exhaust beam cross section perpendicular to the
axis of symmetry.
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where

sym def (5) S

the azimuth angle spreading factor

©

and

_Symdef_ 6y s 8

the polar angle spreading factor.

The azimuth angle spreading factor is given by

geom def @ s - _o

for the case in which the ray lies in a plane perpendicular to the z-axis. The polar

spreading factor is given by
geom def ®) SG - d_e_g

for the case in which the ray passes through the z-axis, This preliminary analysis

is restricted to the cases depicted in Fig, I.1 and ;.2. To obtain the spreading
factors it is necessary to determine the functional relationship between the differential
angles. Development of the general cases may be made in a subsequent effort if the
.preliminary results obtained here indicate that it is warranted. Since Fig, I.1 can be

obtained as a special case of 1.2, the latter is considered first.

- I.2 Signal Rays in Plane Perpendicular to Symmetry Axis

The signal beam spreading in the plane perpendicular to the ion beam symmetry
axis is depicted in Figs, I.1 and 1.2, The azimuth angle ¢, about the ion beam
symmetry axis is taken as the independent variable. The incidence angle is related

to ¢ by
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. Fig. 1.2 _ ) ba - b__ = -
. sin (7 - 1) sin(@ ~¢) =~ sin@ ’

Consequently,
°1 b
————>(10) sinicos¢ - cosising = g—sini .
a
Hence
10 . b tani
_ﬁ- = — r———
(11) tani tan¢@ + ba cos @
For the case of a parallel incoming bundle of rays
11 .
.__—_?- = R
b (12) i ®
’ The angle of the various ray segments are represented by
<,Di : input
sym def _ ' . T
Fig, 1.2 (13) 0. = angle between ( interior) ray segment and x -axis.
@, output

A ray entering the ion exhaust beam interior, in the plane shown, undergoes a bending

through the angle r -i, consequently,

_Figele2 _ 4y @ = e +r-i .

mn

The ray exciting the ion exhaust beam undergoes a bending through the same angle,

consequently

Hig L2 sy o = @ +r-i .

0

The output beam direction is consequently related to the input beam direction by
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’ 15 _ .
‘ ——T——}'(lﬁ) ¢, = &+ 2(r -1)
The angles are functionally related by

_Fi_g_._I_.Z_)_(N) . = i-¢

1

and

—D—-&—)-(IS) sini = mnsinr .

It is convenient to take ¢ as the independent variable and to take ‘Pi’ (po, iandr as

dependent variables. Then

— 7 sqa9) s Y i
9 S = 3o/ 3@
. Using
do de
16 0 i dr di
and
de. .
____11___;,.(21) d_‘} = % -1
gives
dr _ di
19 _ de de¢
W(ZZ) S(p = 1+ 2 a -,
dy

Simpiifying gives

. dr . 1
22 di
, (23) 1+ e
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Fig. I.4 Divergence of a non parallel bundle of rays through the ion
-exhaust beam symmetry axis.
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Using the antenna distance normalized with respect to the ion exhaust beam radius

b

sym def | (24) B = Bg_

gives
———-———-)-%i (25) tani = eno <Pl
1- Bcoso
or
—2 06 wni = il
Differentiating gives
.2
26 27) seczi . B (Bcos ¢ - 1) cos qg+ B sin“ ¢ gl_cp |
(Bcos¢@ - 1)

Consequently

S7 do | (Bcos¢o - l)2 2.

~(28) F = B(B -cos @) -cc!

Using

18 dr 1 .
—_— —_— = =

(29) cosr T ~cos i

gives

29 dr 1l cosi
— = = =

(30) di n cosTr

Using
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-—-L——;—-(Bl) cosr = \]1 -n"? sinzi

gives

Using
sini - B sin ¢
26 5 (33 = 1 :
cosi JBz-ZBcos<p+l Bcos® -1
gives
32 (34) 91; - Bcosep -1
33 d ) T2
\[n (B -2Bcos¢ + 1) - B” sin“Q
and
2
28 (35) d¢ _ B -2Bcos@ + 1
332 5 di B(B - cos ¢)
The azimuth spreading factor can now be written as
' Bcos® -1 -1
23 . nz(B2 -2Bcos¢ + 1) - stinzgg
—3,35 700 S, = 142 2
’ \d | . B -2Bcosp+1
B(B - cos ¢)
Simplifying gives
36 = B - cos ¢ _ opB = COS ¥
—>(37) S = 1+ 2B = 2B
© o —— Bcosp -1 .
@1 (B® - 2B cose + 1) - B"sin"¢
It would be of interest to plot S<p against @ for various B. At the critical angle the ‘

spreading factor becomes infinite, The spreading factor is a minimum for a signal
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ray directly through the axis of symmetry, for which case

37 1

The expression for the minimum spreading factor is the simplest and, hence, it
is examined first. Expressing the spreading factor in terms of ion exhaust beam pro-

perties gives

38 ‘ _ { 1 )
—Er 39 S0 = 1+ _ “j

For large ratios of specific impulse to ion current density

39 i
—_— = . ———
o T(40) 5,0 1 + 10.62B -

This spreading factor is graphed in Fig. 1.5 as a function of the antenna center (ray
source approximation) distance from the ion exhaust beam axis for the case of an
emission current density of 15 ma/cm2 and a specific impulse of 12, 000 seconds

which was chosen for the Jupiter-orbiter example,

40 _
Toample 4D Sp@ = 1+ 0.1328B .

Considering that this is the minimum case,makes the signal beam spreading problem

serious for signal beams passing through the ion exhaust beam.

The larger the antenna distance, the greater the spreading factor for the signal
rays passing through the ion exhaust beam, however, the smaller the solid anglé
subtended by the ion exhaust beam. This tradeoff should be examined to determine

an optimum or least objectionable compromise.
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APPENDIX J: SIGNAL DISTORTION

J.1 Introduction

Exact signal distortion analysis can be accomplished by Fourier resolution of a
signal into its component frequencies, determination of the transmission channel
affect on each frequency component and then Fourier integration of all the outpuat
frequency components to obtain the output signal. Distortion analysis can also be
accomplished via Laplace transformation theory, or other appropriate resolution
methods. Detailed examination of distortion requires specification of the signal
* (or class of signals) as well as specification of the transmission channel character-
istics. Such analysis requires a relatively large amount of effort. In addition the
desired signals have not yet been specified. It would be desirable to have a general
rule-of-the~thumb for assessing the seriousness of the distortion, which could be

applied to the broad class of signals.

J.2 Fourier Transform Theory

A rule-of-the-thumb criterion can be provided as follows. Fourier transform

theory relates

f.1 (t) ﬁnput
—Mf—-‘r-(l) = the / time signal
fo(t) output
and
Ti (w) ](input
———S—En—q‘ij-(Z) = the < spectral signal
L_fo (w) | output
via
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sym def =(3) T(w) = the transmission channel transfer function.

The spectral input signal is related to the time input signal by

Fourier ©
Transform o F(u) = 1 J ¢ (e C9Tar .
1 217 - 1

The spectral output signal is related to the spectral input signal via the transfer

function by
causally _(5) F(w) = (W) T(® .

The output time signal is related to the output spectral signal by
Fourier

o .
Integral . (6) fo(t) = f ‘f‘o(w)e'Jwtdw .

Consequently, the output time signal is related to the input spectral signal by

Q0 i
—(7) 0 = f (W) T(w)e ¥ dw
-

Ui N

Expressing the transfer function in terms of magnitude and angle

_dentity oy oy = |T(w)| & (EW
gives
oo} (o .
) i = j (W |Tw]e” (we - [TW] g0 .
-0

J.3 Complex Fourier Integral

The development is simplified by using the complex function given by the one
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sided integral

o o _ s
sym def; (10) )y = 2 J‘ f(w)ew’t qw .
0

This transform type is advantageous because the signal frequency band occupies a
single contiguous range, whereas with the double sided integral, it occupies two ranges,
which are mirror images with respect to the frequency origin. The real-signal function

is related to the complex-signal function via
Fourier

(00] .
dmegal oy = ] Twel®ae

-0
Expressing the two sided integral as two one-sided integrals over the same range gives

(00] . 00) R
L2 ) = f T(w)ejwtdw+J T(-w e %%w
0 0

The second integral is the complex conjugate of the first,

*

© . o0 .
12 13 ) = | T@e®dw+ || Tel®aw .
' -0 0 J
Hence, the imaginary parts cancel leaving
»n Q0 .
———13—;—(14) ft) = 2;@] T (w) ?*" dw

0
Consequently, the real time function is related to the complex time function by

-——i—é———;—-(lS) Kty =75 v .

The complex output time signal is consequently given by
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@ _ -jlwe - /T(w) !
910 . e) £ = 2| T(m@edt 95 gw . :
o o b
J.4 Transfer Function Criteria for Small Distortion
If the signal frequency content lies in the frequency range
band defi (17) w, < w < w,
the complex output time signal can be expressed as
16, 17 v “ 4 (we - [T(w))
gy o o= 2] P T n@ledl - dw
w
1
The transfer function magnitude and angle can be expanded about
_Sy_lll_de_]:;__(l9) w,oo= 2 suitably chosen value
“within the signal frequency spectrum
coadition
— e < <
—(20) w < w < W, .
Expanding the transfer function magnitude gives
Taylor BXp o)y |rwy] = TG0 ) [+ | T] (@ - @)+ 3[T] (@ - @)+ -
0 1 o 2 0
where
sym def | ey |
S el @2) Tl = .
7 n dcu\rl b -
fw= o

Expanding the transfer function phase gives
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Taylor exp (23) {T(w; _ L’I;O + [’_I‘_l(w - W)+ % E.z(w' wo)z Foees

where
n
d [T(w) l
smdef; (24) Il - . )
n n
- 5
w=w
o}
It is convenient to introduce
—Mf—;—(ZS) Rnf(x) = the remainder of the series expansion

starting with the nth term.
Expressing the Taylor expansions in terms of remainders gives

and

— 2 o) [N = [T, + [T (@-®)+ R, [TW)

The complex output time function can now be expressed in the form

7)) r
IR ACIIEICH
1

————(28) 1 (®

+R, IT(UJ)I'] e-j[wt - Eo - El(w "Wy "Ry /——/T(w).j dw

Taking constant factors outside the integral gives

to
o

— B 09 fm = Imepled@ I o) i
where
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Zb 29
; T(w)|
w

Lw(t- [T ) -R, W |,
Ll*‘—m‘)__IJ(t/l) ()_J(,U

-

is the signal shape which is essentially the input signal distorted to the form it has in the
output; differing from the output signal only in magnitude by the factor IT(wO)I and in

phase by the amount @ [_T_l - L/_’I;O

If the frequency band is sufficiently narrow for the magnitude of the transfer function

to have a negligible variation over the band,

Ry T(w)]
(31) ——-(——S—IT @] << | for @ <@ < w,

restr 1CL101’1

a good approximation to the signal shape is given by

2 jwz Ti(w)e'j (W= [T) Ry [T@] 4
w, ®

For this case the distortion is only due to the nonlinearity in the phase characteristic

30 .
——(32) £

of the transfer function; such distortion is referred to as phase distortion. If the trans-

fer function phase characteristic is sufficiently linear over the band of interest

I‘pSLI‘lCUOI’L (33) R / (CL) << ] wl< w < wz

a good approximation to the signal shape is then given by

o
o
[3)

!

w . '
s (34) %S(t) = 2J; 'f‘i(u»e““’(t'[ll) dw

Gl
[o¥

For this case the output signal shape is exactly that of the input signal

34, 10

~@5) E@ = fe-[T)
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For this case the output signal is given by

— B e 1o = ITeled@ I L)ty

hence, there is no distortion, but

36, sym def (37) T, = the time by which the signal is delayed
is ~“ven by
— B @) 1, =T, = e dz(w)

w = wo

In addition to the delay the signal is also reduced in amplitude by the factor IT(wo)l

and shifted in phase by tha amount wﬁl - ./_10 .

The distortion in the signal is only of interest when the signal is not attenuated
excessively. Under these conditions the transfer function amplitude does not have a
significant variation over the frequency band of interest, hence only phase distortion
need be considered. The remainder, after the linear term in the Taylor éxpansion

for the transfer function phase angle,

— 2 (39 R, [T = [T - [T, - T @-w)

is the cause of the signal phase distortion. In expanded form

72 _40) R, [T = F [T @-w)t e

Small phase distortion requires that

32
2t . (41) |R2)1T(wzl<< 1.
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For those cases in which the first term in the expansion of the remainder adequately .

represents the remainder value,which is generally the case for small ph=se distortion, .

a reiatively easy to use the rule of the thumb is

—==(42)

1 2
T 0 - w)*] < 1 .

The choice for woor for reasonably well behaved signals, which on the average would
give the best convergence, i.e., the value of “, for which the second derivative would

give the best average approximation to the remainder is

s
arithinetic W o+ w

mean . _ 1 2
—meAR 43 W =

The largest value of the left hand side of (42) is for w at the edge of the signal frequency
band. The inequality in (42) will be satisfied for all cases if it is satisfied for the worse

case. Hence, using

sym def;_ (44) B = f2 - fl = signal bandwidth
gives
43,44
3 . w - =
—(45) W, - W B
and hence

)

40 WA .
——z—s——'?—(‘lé) 1\2 2 = 217 B QZ + ° o

Consequently, small phase distortion requires that

41 - 2.2
—f—¢7) B l/_T_2| << 1
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and hence

47

2
—(48) |[T ] <<
L—Z 172B2

For narrow bandwidth the derivative at any frequency within the band can be used.

Consequently, if the inequality

438

2 !
| i

o [P,
P dw™ | 7°B

is satisfied the phase distortion is negligible.

J.5 Channel Phase Distortion Index

The signal distortion depends on the bandwidth of the signal as well as on the phase
shift characteristics of the transmission media. It is desireable, where possible, to
express the term responsible for phase distortion as the product of two terms, one
depending on signal bandwidth alone and the other depending on the transmission channel
propertiecs alone. This can be done for the case in which the remainder of the phase
characteristic expansrion,l after the linear term, can be adequately represented by the
quacratic term. Since it is desireable to deal with normalized quantities the ratio of
the bandwidth to the signal carrier frequency is used. Thus

——Mf—}—(W) \I/D = a phase distortion index

can be defined so that

]
R
(S

s At 51y R, [T(w)

r—h
O 1o
O
t 4

With these conditions
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46, 351

o

3

—(52) W s

2.2 ¢ _ 1.2 v
D ﬂfo&——z - §‘°ollz

IN

consequently, small phase distortion requires that

f2
48 0
—-5'2__’—(53) l\IJDI << %’2‘

J.6 Transfer Function Phi o Angle for Jon Exhaust Beam

The transfer function phase angle for the ion exhaust beam is .
L

.
= | pdt .
“0

For small collision frequency the phase factor is given by

w
5-127 . .- _ . _Pp w
—_—— (55 B = B, |t - b < w .
\ w
Using
T n_(1)
E-55 _(56) w =W i e
. p p \ er
gives
5 .
_ w n_(*)
95 ./« _ . _pr e
—e——6N B = B |1 =g
w er

Conscquently, the transfer function phase angle is given by

54 ' L wpr ne({)
—5——6) [T = B |1 -—mg—dt
0 \ w er
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J.7 Transfer Function Phase Angle for Signal Ray Perpendicular to Ion Exhaust Beam

The simplest case is that for which a signal ray traverses the ion exhaust beam
normal to its axis and it should be quite representative of the more general case. For

this case the phase factor does not vary along the signal ray path, hence,

> (59) [T = BL .
Using

55 .1 T 3
"__C-—lz'i—"(éo) B = = Li‘ w" - wp
gives

59 . . L T2 2
—6-6—,—(61) E = —c- 1w w .

J.8 Distortion Factor for Ray Perpendicular to Jon Exhaust Beam Axis

Differentiating the transfer function phase angle gives

d [T

B (62) e = .
¢ M r
y & -wp

Differentiating again gives

Cl2 /1 _wZ

P
dw2 /2 3 3/2
- wp

62

—(63)

ol

The phase distortion index is consequently given by

L 2,2

52 64 . = —=< “o “p
53 7 D - 7 2N3/2
8/(.0 - ‘up\

O
\ J
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L 2,2
' 4 X <'L'o wp
— & (65) o) >y 373
FwE N
1 - P |
2

For this case the path length in terms of the ion exhaust beam radius is given by

For the Jupiter orbiter example
G-13 | 2 2

D0 (67) WS << w
(67) ;

consequently the distortion index reduces to

f2

65 . _ mb p
—oTo6 9 Yp = 9 2
o 1,

Expressing the distortion index in terms of the ion exhaust beam current density, specific

impulse and power gives

68 60y w. = 1.82x 102 [Polp
B-56, 565" D ; )
o I

sp

Using the center frequency for the band of interest gives

: i
© ;00 v, = s30 L2
f=2,2x10 I,
o Sp
For the Jupiter orbiter example
0 g1y Y. = 4.17x107° EY
2-3 7 D ° b

At the ion exhaust beam exit plane
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73

= 15ma/cm

) »~(72) ¥p = 0.498
'b

The minimum center frequency to bandwidth ratio for the spcified case is

specification f0'
73) 5

= 11 .,
Hence
73 | fo2 |
B
The inequality

- (75) 0.498 << 121 .

is more than adequate for the distortion to be quite negligible for the Jupiter orbiter
example and the frequency band chosen. The distortion factor is most sensitive to the
specific impulse, which if reduced by an order of magnitude with the other parameters
remaining the same, would lead to significant signal distortion. If the signal frequency
decreases by a factor approaching 2.7 the denominator in (65) approaches zero and the
phase distortion may become excessive. This case would have to be examined with an

improved approximation that includes the effect of the collision frequency.
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APPENDIX K: BREMSSTRAHLUNG

K.1 Introduction

Radiation from accelerating electrons during random collision processes is
called bremsstrahlung. Since the collisions are random, the radiation generated
by these collisions is incoherent. This type of process is the principal basic source

of noise in the radio frequency portion of the electromagnetic spectrum.

There is a sizeable literature on theb subject of bremsstrahlung, for example
references K1, K2, K3, K4, K5. A large variety of formulae have been derived
for bremsstrahlung which pfovide various types of approximations. Large dis-
crepancies occur between numerical results provided by formulae from different
sources. Some of these discrepancies are due to the assumptions (often jerry-
built) employed. These discrepancies may also be due to an inadequate
specifica;ion of the terms entering the formula and their dimensions, td typographical
errors and to misunderstanding on the part of the reader which are not fairly attri-
butable to the author. Derivation of the necessary expressions, using the literature
as a check, appears necessary not only to obtain sufficient consistency for their
proper use both with respect to the validity range of the approximations introduced
and to units employed but also to facilitate obtaining the formulae in suitable form

for the case of interest.

The objective of this appendix is to determine the spectral noise power per unit

volume generated in the ion exhaust beam plasma.

K.2 Electron Trajectories

To determine the radiation from an electron deflected by an ion, it is necessary

to know the acceleration of the electron as a function of time. This is obtained by
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solving the equation of motion for the electrons. The forces in the equation of motion

arc the inverse square law attraction force due to the ion and the self radiation force.

The radiation force is generally small in the cases of interest here and its effect
on the electron trajecto-; is neglected in the approxii:ition employed. With this

approximation the elc. ron's equation of motion is

Newton,

Coulomb  1y & o= k—31r
r

where

sym der (2 k = Ze”
47revme

which Anumerically is

2
A_1’1;_4’1&‘_5(3) k = 253% meters3 - sec

and

sym def . (4) 7

ion charge in units of e .

The ion acceleration is neglected in this development since its mass is more than
four orders of magnitude larger than the electron mass.
The three dimensional vector equation of motion reduces to a two dimensional

vector equation of motion. Using the vector cross product definition gives

identity | ) mxwr = O
—_— I =

consecuently
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—=2 _6) wxi# = 0

This can bc e -expressed as a perfect derivative

6,5 d .
—_— s (7) T r X 0
Integrating gives
—-—7-—:«- (8) mwXir = constant vector

The vectors r and ir determine a plane which is perpendicular to their cross product.
Since the cross product r X Ir does not vary with time, the orientation of the plane
coes not change with time. Consequently, the trajectory of an electron deflected

by an ion lies in a fixed plane. By ta.king this plane to be the

8,choice e
(% z = 0

plane, the spherical radial vector

vector

dentity . 10) = = ptlz
reduces to the cylindrical radial vector

10

—g > (1) = = p
anda consequently the equation of motion reduces to

— 2 =-l§-§p :

The scalar radial equation of motion is consequently

.l
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11 , i .
— 19 popE =-

oL |7

and the aximuth angle equation of motion is thus

11 - N
——(14) potT200 = 0

The azimuth equation of motion is a perfect derivative,

14

A d 2.
(15) P e 0

Integrating gives

> o (16) p2¢ = constant
Hence
svm det 17 = the angular momentum

which is given by
pays def | _ 2.
- (18) A = mgp @

is a constant,

——-—%2——}-(19) 4 = constant

The radial equation of motion can be converted to a differential equation for

the trajectory by changing the independent variable from t to ¢. Using

identity | (200 p = d_p(p

gives
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-————i‘g—) (21 »p

Il
5:
.
5

Simplifying gives

21 . t d
— 02 b - 5

Using

identitz (23) b -

st
G-

~~
(]
NN
S’
ko)
I
]
Ao
=1
o
©
Io.
N
ol L

The radial equation of motion thus reduces to the differential equation for the

trajectory
13 1, d% 1 2 -2

Integrating gives the trajectory equation

_._2__5__>. (26) % = kmg{-z‘*‘ACOS ((p+§00)

which is the polar coordinate equation of a hyperbola. Orienting the z-axis to bisect

the hyperbola requires that

0 negative
for the force center on the X -axis .
m positive

1

symmetry 27) o
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Fig. K.1 Hyperbolic Trajectory of a Charged Particle in an
Attractive Inverse Square Law Field.
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K.3 Deflection Angle

The attracted particle hyperbolic trajectory depicted in Fig. K. 1, has the polar

equation
analytic .
geometry _ (9gy BCOSZO0 - Gyl +cose

0

Expressing the dynamically derived trajectory in comparable form gives

km2

26 1 e
29) — = +cos

27l Ap A{E

Comparing the equations derived from mechanics and from geometry for the hyperbola

gives the relationship between the deflection angle and the physical parameters.

28,29 5
—_— S =
(30) Dbecot 5 5

e

It is convenient to have the constant angular momentum expressed in terms of

—symdef 31) v = the electron speed at large
(0] ; ;
distances from the ion

and
S def _ L .
~symeer (32) b = the collision parameter (perpendicular
distance from ion to trajectory asymptote
Using
28

[\ifel

———————>(33) bcos

é‘f = singe
Jo)

gives
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18 cos= 6.
0

4 = 2 s

33 = (34) 4 eb sing
Using
Fig. K. 1 . _
—_— e (35) p = Yo
aad
Fig. K. 1 o mtd
Bkl 60 o 5
gives

34 . =
W (37) 1 mebvoo
Conscquently

= (38) % = bvyp

A more convenient formula for the deflection angle is thus

30 ‘ 5 k

37-——'7‘ (39) tan 5 = — -
bv

The complexity of many of the analytical developments required here make
it expedient to use a number of approximations. To assess the validity of these
approximations, it is necessary to know the range of parameter variations involved.
This :s facilitated by various graphical displays. Of particular interest is the range
of deflection angles of importance because of the approximations which can be madce

for the casc o. small deflection angles.
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It is more convenient to have expressions in terms of

sym def —(40) V

the electron kinetic energy in electron volts
than i clectron speed. The energy in electron volts is related to

sym def |

#1) W = the electron kinetic energy
by
ni  AnT U
hys def («2) V = =
e
where
phys def 2
ERLLNRS SN 43y W = %gmev
‘ Hence the kinetic energy in volts in terms of the speed is given by
m v2
42 e
—_— (44 = .
%3 SR %

Consequently the deflection angle is related to the asymptotic Kinetic energy in

clectron volts by

39 . N
g (45 tang = 2ebv

Evaluating the constants for graphical representation gives

-10
45 5 . 7.19x10
5Z=1,A0 (40) tang A

Expressing the collision parameter in angstrom units gives
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46 5 = 7.19

; 7) tanx =
——qg— ¢ o
14=10 : m 2 bAVOO
For small angles
47 14. 38 . 823
x> (48) & = ~ radians = —~=— degrees
0 <95 bV bAVoo

The relationship between the deflection angle, collision parameter and the electron

energy is graphically depicted in Fig. K. 2.

K.4 Quantum Considerations

The above analysis is based on treating the electron as a classical point particle.
The uncertainty principle, in effect, provides the electron witi an effective extended
structure. This structure is described by a wave packet. The extension of the wave

packet is approximately represented by

_SM?L,_ (49) X

the deBroglie wavelength for the electron

e

which is given by

deBroglie _ _ h
—=——s- (50) Ae m——ev .

Evaluating the physical constants gives

50 _ 7.27x107

A5 AL (1) A, - meters

If the closest approach distance is large compared to the deBroglie wavelength,

the electron behaves as a point ‘particle and the classical deflection angle is correct.
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If the closest approach distance is of the order of,or shorter than the deBroglie
wavelength, the clectron does not appear as a point particle to the scattering ion
and, hence, the classically derived deflection angle is incorrect. It is instructive
to subdivide “he (eleciron energy) - (collision parameter; domain in Fig. K.2 l.wo
a classical womaisn (where classical theory gives correct predictions), and a quan-
turs mechanical domain (where classical theory does not give correct predictions).

Using

44
—_—(52) v =

= = 5.93xlODN meters/sec

gives the deBroglie relation in terms of energy (in electron volts)

51 h

2 . (33) A = —— .

52
\/ 2m eeV
Evaluating the physical constants gives

. -9
53 iz 1.226 x 10
T ———S—A——}i—\_ﬂ) A o= =22 X meters .

x, AT, “Li [—V
This relaticn provides the basis for dividing the b —VOO domain of Fig. K. 2 into a
comain where tie classical point particle approximation is valid and a domain where

it is nor. For small deflection angles the particle velocity and hence the deBroglie

‘wavelength is nearly constant over the trajectory, hence

2 o

_ 12.26 i

@ v_

@

This rclationship is graphically depicted in Fig. K. 2 by the heavy dashed ncgative

sioping line.
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For low values of the electrons asymptotic kinetic energy (less than 1 ev) and

for small values of the collision parameters the electron kinetic energy gained from

the potential energy may be almost the total electron Kinetic energy when the electron

is at the perigee. Under these conditions the electrons deBroglie wavelength at the
perigee for the case of no asymptotic velocity is a lower bound on the collision
parameter. The potential energy (in electron volts) which can be converted to

Kinetic energy is

Coulomb Ze
- (56) V =
4me p
Hence
56 1.44 x 1072 14. 4
Aol A2 Z;;l(57) Vv = - volts = —.o volts
AL, Gy P pA "

The variation of deBroglie wavelength with radial distance is consequently given by

54 =
The deBroglie wavelength becomes equal to the radial distance at

—2 59 A = gy = 10.43 4

This value is shown as a heavy dashed vertical line in Fig. K.2 The two dashed
curves are thﬁs asymptotes for the high and low energy electron cases respectively;
the upper dashed curve represents the case in which the contribution of the potential
energy to the kinetic energsr at the perigee is negligible and the lower dashed curve
represents the curve for which the asymptotic kinetic energy contribution to the

total kinetic energy at the perigee is negligible.
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For large deflection angles the velocity and hence the deBrogiie wavelength .
varies significantly over the trajectory. Conscquently the division between classical .

and quantum mechanical cases must be made on the basis of

——S—w——z— (60) )\O = the deBroglie wavelength of the electron

at the point of closest approach
and hence requires further analysis to delineate it more accurately in the (VOO ,b)

domain than already done by its two asymptotes.

Since the electron speed is a maximum at the point of closest approach, the
deBroglic wavelength is a minimum at the point of closest approach. Consequently
the range of collision parameters over which the classical approximation is valid
extends to smaller values than given by the heavy dashed line in Fig. K.2, particularly
at the corner where they join. The amount by which the range of b is extended

incrcases as Voo decreases. In terms of

_symdef (61) p = the minimum distance of approach

erigee distance)
perig

the maximum velocity is given by

B ey v = =
m,Q
and hence by
F.’T__ — (63) - bV
57 B Y g o

The hyperbolic trajectory ecquation gives for the perigee point
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+3ipn 2
28 1+sin

ol
[\)

COS &

Consequently the perigee speed is given by

)

1+ sin =

63 . - 2
64 (65) Yo Vo 5
. COS—Z-

and perigee potential energy in electron volts by

§ 2
1+sin =
44,65 - 2
— 22 (65) vo v, —
COS'—2—

The deBroglie wavelengths are related to the energies by

.53 . >‘o _ Voo
—_—>(67) — % v
: o) { ‘o
consequently
]
67 A _ cos 3
(08 1 = 5
09) 1+sin 3

The labor of computing these formulae for graphical representation is reduced
by the use of asymptotic expressions for large deflection angles. For deflection

angles approaching 180° it is more convenient to express the deflection formula

in the form

47 . T-6 _ 7.19
— - (69) cot 5 5V
or
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¥ 0 a2 = 013907 . .

Using the inequality
large

ceflecticn
onstraint
COMSTYazi.  (71)

m-6 <<1

—(12) -6 = 0.278b;V_

. . . o .. . . .
For deflection angles approaching 180" it is more convenlent to express the perigee

to asymptotic deBroglie wavelength ratio in the form

. T -b
68 o, Xo _ )
8 gy 2 s
o 1+cos '72

Using the large deflection constraint gives

a A

— 2 (74 ~— =

71
e

Consequently the perigee asymptotic deBroglie wavelength ratio becomes

= (75) Yo L 0.06950:
72 o - V079 DR Yo

The perigee deBroglie wavelength is consequently given by
— DB e A, = o0.852; [V A
o4 (o ) Ay ©

While >‘oo only depends on Voo’ (54), A, depends on both \(’]O and b.
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For the large deflection parameter range the value of )\O should be less than
r for the classical formula to give reasonably accurate results. The perigee

wavelength is related to the perigee distance by

A

Lo
X(D

67,68

= (77)

To

Consequently the perigee distance is related to the collision parameter by

‘ 77 . _ 2
—5i 75 (78) P‘& 0.0695 bA Voo
Consequently the perigee deBroglie wavelength is related to the perigee distance by

76,78 . _ —
— 22 (79 At 3.23 [

This relationship is just (58),thereby providing a somewhat circuitous but interesting

cross check.

The locus of points for which the perigee deBroglie wavelength equals the
collision parameter is just to the left of the bent dashed line in Fig. K. 2 and has the
branches of the bent dashed line for asymptotes. For the classical results to apply
the deBroglie wavelength must be less than the perigee distance which is less than
the collision parameter. The radiated power is dependent on the lower limit of
collision parameters. The effective or extended electron, as it approaches the
deflection ion, enveiopes the ion. As the separation decreases below a dzBroglie
wavelength the effective net charge of the electron on which the ion can exert a
force decreases rapidly. In this region the force goes to zero as the separation
goes to zero and hence the acceleration goes to zero. Hence the extended structure

of uae electron causes the acceleration, and hence, the radiation contributed by
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approaches closer than the deBroglie wavelength to fell off sharply. Hence, the
total radiation can be approximated by considering only those electrons whosc
closest approach is equal to or greater than the deEroglie wavelength at the perigee.
The small contribution lost by neglecting closer approaches is partially offsct by
the slightly srcater accelerations predicted by the classical point electron formula

for scparations slightly greater than the deBroglie wavelengi.

K.5 Snectral Energy Radiated During a Collision

In terms of

M (80) Pr = the instantaneous power radiated

by an electron

the energy radiated during a collision is given by

Y (0 0]
81) \‘\‘c = J Pr\t) dt .
(00}

con def

This assumes that cach collision is a distinct event, i.e. successive collisions
are not overlapping. This is a reasonably good approximation for the plasma
:n the ion rocket exhaust beam under consideration. The electron energies in the

ion rocketr exhaust are nonrelativistic. In terms of

—~ (82) ¥ = the clectron acceleration
the power radiated by a nonrelativistic electron is given by

Larmor  an _ ..
e ———— (bo) Pl‘ K\V Y
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2

(S

)
\
~

I

3
om €,C
which numerically is given by

o4

54 = (85 K = 5.69 x 10 % watt-sec* meters”

Al,A-3,A

The energy radiated during a collision is thus

81
83

-(86) W, = KJ 1w % d .
-0 )
The spectral distribution of the radiated energy is of prime interest to the
communication engineer. The spectral distribution could be obtained by evaluating
the integral in (86) and then taking the Fourier transform. However, it is simpler

to obtain the Fourier transform more directly by use of

Parseval's © © .
Theorem_ g7y | Pma = 21| [Hw)]’dw
: Lo 00

Thus the radiated energy can be expressed as an integral over frequency

0 2
_86.87 _ g5y w = 21k [ IWw|dew ,
& d—(X')

where the Fourier transform of the acceleration is given by

Fourier o
Resolution (89) T(w) = i’lﬁ j‘ v(t)e Jwty,
<

Since the total energy can be expressed as the integral of the spectral energy function
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Fig. K.3 Straight Line Trajectory Approximation.
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super - ‘ -
postdon o) w, = [ w(wdw ,

Mool
the energy spectrum radiated by the electron is given by’

— 5890 oy w(w) = 2k [Fw)]* .

For very small deflection angles the electron trajectory is almost a straight
line. Approximating the trajectory by a straight line greatly simplifies the analysis.
The range over which this approximation does not introduce an appreciable error
remains to be determined. With the orientation of the coordinate system employed
this approximation gives . trajectory depicted in Fig. K.3. For this trajectory

it is convenient to express the acceleration in terms of rectangular coordinate

components
resolution _ . - . .
——(92) vy 1va + lyvy

Consequently the spectral energy can be expressed by

——— 039 w(w = 2wk [[T[P+ 1T
where
_ ~N ; ~
*vx(w)r . o vx(t) .
8 (94) > = 7177.[‘ QTiwt g
7 (w)] P15 (0
VANES v J

The acceleration components are given by

1,Fig. K. 2 x K ose
=18 R o (59) = -5
V p Si
|y e
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Using the coordinate transformation *

D]

ChoT. x cos¢
S gy : ,O‘

vy ‘sm@

to express the acceleration components in terms of cylindrical coordinates, gives

l
o]

95,F: . K. 3 X &
y L aae e D <\)7) : = 2 23 2_ .
i (b7 +y7) ; !
Y |

The acceleration component Fourier transforms are thus

T (@) i

v (w)! L

9.4 )X k@ -

—~ (98) = (Nt

57T \ [T 2w 2. 2372\ /
)-“ ! -0 (b +y") Lo
v (W) {YJ
Y p “

To integrate these expressions it is necessary to know the y coordinate as a function

of time. For the case of very small deflection angles

_ 25 99)

§ << 1 T cose

vIT

Ditferentiating gives

99

— (100) 255
o)

sin¢ @

The angular speed

km;’:nmtxcs_?_ (101) VQ pg;

can be expressed by
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10l o2 v o=

38 ® P

.

Hence, the velocity components in polar coordinates can be expressed by

v ;sin
100;102 ; _
a0 (109 %
Ve Ecos<p

Tte rectangular velocity components in terms of the polar velocity components are

given by

v, cosgp -sing ET/;
geometry . <104) i - i i

v sin cos v

2 e R ™
hence

(v, COS(p —sin¢ |sin e

122 R - 5

0T (105) o |

ivy sing CcOs¢ [COSQ®

This simplifies to

Thus, the velocity turning out to be constant, is a direct consequence of the straight
line trajectory approximation rather than being an additional independent approxi-
mation as indicated in some publications. This increases the self consistency of

the straight line approximation. The straight line approximation appears to introduce
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a logical inconsistency because:
1. the straicht line approximation gives a constant particle velocity (106
2. a constant particle velocity means no acceleration ( v = o)
and thus,is in contradiction with
3. the constant velocity gives a variable position
4. the variable position gives a variable acceleration via the equation of
motion (1).
This inconsistency is removed by noting that the straight line approximation is a
first approximation which gives a constant velocity with zero acceleration and
riable positio. {1,2,3) which comprise a first approximation. Substituting this
variable position first approximation,back into the equation of motion (reiteration)

gives a second approximation for the acceleration which is not zero.

Taking the time origin at the instant when y = 0 gives
105

0 107, vy = vt .

Consequently the expressions for the spectral acceleration components is given by

(V (w): © !bwi

o8 " 1

—1o7— {08 { ) znf T 3377\ ) a
lv(w): -oo (b +V't> v ti
Ly / LO:)/I

The time interval over which significant acceleration takes place determines to a
larse exte - the frequency range containing the major portion of the radiation. Using
-jwe

L (109) e =  cos wt - jsinwt

and the odd and even function symmetry gives

l'l
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-

' = ) - ‘
Ve (w) ‘-bcos wt !
i k 10V 1 . |

_ 108 110y ¢ vo= X7 / \ de
109 \!_ / T Jg (b2+vz t2)3/2\E }
V., (W Ljv_tsin wt;
LVY( ) w L1\60 sin y

Introducing the parameters

|
|

[wi
pny

sym def _ (111)

Yy

é<:|tr

to simplify integration gives

-
(7 (wﬂ {-£cosu

110 (112)3 X _ ko [P 1 .

1 - 2% ¢ 2+u2)3/2» . g
'L\'fy(w} Mo £ \Jusmuj
These integrals can be evaluated by using .
RK7:203 @ cosu
RKZ:203 o (13) x (&) = f _cosu g4y
0 g2+u2
and
RK7:204 | ' v _ -
——— (114) Kv(g) = —E:Kv(g) Ku+1(‘3) .
Using
00

113 cosu

—(115) KN(¢&) = - ¢ du
0 J;) (£2+u2)372

and

114 '

o~ (116) Ko(g) = —Kl(g)
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D (117)

115

cOSs

Using integration Dy pav..

u

- du
0 (£2+u2)372

identity . (118) Jrzdv = zv-fvdz
with
I -
'z (27T
comparison (119) g - !
Ldv !cosudu -
gives
g—_; \ -udu T
. | 2. 2572
119 o (120) | _ s(g +u”)
|
| v | sinu
cnd conscquently
113,118 __sinu |®
o0 12D Kfe)

Henee

e

usinu

5
{¢"Fu

,}‘52+u2 ‘iO

2y3/2

du
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(

Ko(8)

FK,(8)

usinu

du
~— 3377

g ru

)

Thercfore the spectral acceleration components can be expressed in the form




<
B

112

— 7 (129) =

The modified Bessel function of the second kind diverge as the argument goes to

zero, however, they occur in a combination multiplied by the argument

123 k -‘t:obKl (‘C’Ub
—>(124) = 7oV
@ |, wb (wb\
J Vv 0O \V )
(e 0] (0 0)

The function gKO( &) and gKl(g) are plotted for handy reference in Fig. K.4. The

total spectral energy can now be expressed as

B o - e (e ) [ () 2 ()]
The normalized ratio
— s 0 @) @)

kK Y/ b1V 0\

is also graphed in Fig. K.4 against wb/%o. It should be noted that this is the total
spectral energy radiated and does not give angle or polarization distribution informa-
tion. The polar pattern for the radiation due to the x-component of acceleration is
different from the polar pattern of the z-component of acceleration and hence, in
general the addition as made in (125) may be misleading. However (126) is correct
for a large collection of the accelerating particles with an isotropic velocity distribu-
tion since averaging over the particle collection provides spherically symmetric
radiation. Particles in thermal equilibrium have the necessary spherical velocity

distribution for isotropic radiation from each small spherical volume element,
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Fig. K.4 Modified Bessel Functions, EKO( &), éKl( £), and Ez I:K
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however this condition does not prevail for the electron motions with respect to

the ions in the ion rocket haust beam. The angle and polarization distribution

of radiation, which should be considered, is left for subsequent consideration. Here
the isotropic approximation is pursued to obtain an estimate of the importance of

the bremsstrahlung radiation.

K.6 Radiated Spectral Power per Electron

If the average s;pectral energy radiated per collision were known together with
the collision ffequency, the spectral power radiated per electron would simply be
their product. However, the radiation varies strongly with the collision parameter
in addition to whica the elementary collision frecuency is only blogically definable
for each collision paramecter. All of the electrons having the same collision para-

meter have the same radiated spectral power. Thus using

M—a—- (127) dP = the spectral power radiated per electron

ew for encounters with the collision parameter
in the range of b to b+db

and

—symdef 108y qy

the electron collision frequency with the
collision parameter in the range b to b+db

gives
addition '

- - .
5 (129) dPew we(w)dv

This differential collision frequency is the velocity times

—S-Xf—n—dg—-:—- (130) dnc = the number of electron collision per unit length
with the coilision parameter in the range b to btdb
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thus

addition

— (131) dv = Voodnc
The ¢ -ontial number of collision per unit length with the collision parameter in

the range b to b+db is simply the number of ions in a cylindrical shell volume of

inner radius b, outer radius b+db and at unit length as depicted in Fig. K.5. Thus

130, Fig. K.}:_)__ (132) dnc = niZ‘[deb

The differential collision frequency is consequently given by

131 _

and the differential spectral power is hence given by

129
N A = bdb
—5— (134) dPew \&niwe(w)zw

The total spectral power per electron is consequently

oo}

' r
> (135) Pew = 21Tni\60 ‘JO We(w,\&),b)bdb .

134

Expressing the spectral energy in terms of the collision parameter gives

: . 2 .00
135 . _ 2w T Z/wb> 2 <wb>'1
—_———(136) Pew 4niK1\ v—-;—. JB LK1 - +K0 _‘60 _]bdb
00

This integra. is singular if the lower limit is zero. As shown in section K. 4 the
smallest collision parameter of significance is the deBroglie wavelength at the
perigee. For small deflection angles the perigee deBroglic wavelength differs

lictle from the asymptotic deBroglie wavelength. To cvaluate the integral it is
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Using

2
fmiK" [,oo 9 9 1
— s . -7 ' 1
P L[ koo eas
oo} wh -
V.
0 0]

TCOK?'( yede = AE "2( ) - 1+L’— K2(6) ] E>0
Jé‘ (& =& : \ 5 JK N8 >

2nlr<\ £? -

By T [ (1 OO ()
K (&) = -YK (&)-K (&)

v v v-l

s = 1 ¢ &

\L\g) - "—é \l(g) _1\0(5))

Elin: nating the derivative from the expression for the spectral power per clectron

2w9
2n KK“£”

» = r(- ey
P ——U 1\1(g)+1<0(;>} (1 —€—>I\l\g)+1\l(g) -K(®) ]

mKIE
e T K (K ()
[0 ¢]
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K.7 Spectral Power Generated per Unit Volume

The spectral power generated per unit volume is that generated per electron times

the density of electrons

incoherent

addition \*(145) p,, = o P

The spectral power generated per unit volume is thus

’2 ¥ “/ 7/

145 _ 4nineK1\ wb w wb
Tas7ar (1460 p, = p) AT/ Ko \T
\& a (00}

For the case of interest the ions are singly charged

ion exhaust
beam 147y z = 1

and macroscopically the beam is approximately neutral

neutrality (148) n, = n

Using

, e2u
——I,A&S—‘_%-——;— (149) K = —B—W—Z =  5.69 x 10"54 watt sec4m-
and
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2
- e - -
—gg—— (180) k= e 253
\4
gives
146

9 1507 D Py T

1.46 x 1048 (“wb

v >2K0< : )K1<%>

8%|&

Expressing the spectral power in terms of power per cycle instead of power per
radian gives

151

—_———-

(152) p, = 9.16x 10748 (I‘VLT’)Z KO(

8<|8(

)Kl <9_§_> watts
A\

© Hsz

Before graphing it is necessary to specify the minimum collision parameter,
Using

scction K. 4 (153) \]5

which is given by

183 sy b - 12.26 x 10710
fV
a
gives

v -15
154 + 52 (155) %_ _ 2,06 x10 ]
(s9) ;oo
Consequently
_ 155 se) 92 = 13x107tt L
v Vv
00 (s9]

Expressing the signal in terms of giga Hertz gives
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f
y LD o p3x107-82

Consequently, for frequencies of interest

—b—L—+ (158) E“VE < <1 for Voo > lO-3 electron volts
@ ,

With such small argument values the modified Bessel functions can be adequately
represent . by

RKE9.6.8)

V=1 ta

1l

(159)  Ky(8)

un) =

and

RKSO:6:9 _(160) K (¢) _15_

Therefore the modified Bessel function product. can be approximated by

159, 1 — 1
159,160 . 161 gZKO(g)Kl(g) = ging
Consequently

152 _ 48 2 wb , @
"'——"-1—6-1———7‘(162) pf 9.16 x 10 n -—-{DE
and hence
2 3
f ;.0 7.7 x 107V
———11%%_——;-(163) p = 1.29X10 2002 in— ®
@ GHz

Using the center freguency in the band of interest gives
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2 3

' n
16_3{‘ — (164) D = .84 % 10-52»\/—;—{n 3.5 x 10 VOO
f =2.2 f 0]
GHz
For various electron energies | Voo
(101 ) 1072
| -
16,1 | 107!
14 ies) p, = (2.32 >x10'51n2 5100 watts/Hz/m>
10.297 10"
i i ,
0.0352) 10?

This is graphed in Fig. K.6

In general a single velocitylz or eiectron energy, V00 is not appropriate since
the electron aggregate has a distribution of velocities. Hence, the power per electron
should be integrated over the velocity distribution in .order to obtain a correct value
of P However, for a thermal distribution the speeds are distributed about the most

prcbable speed

RB30 146y o = 2L

N sl s vl

or the most probable energy in electron volts

16 .

— 167V, =

8.62x107°  ev

T

e

which is superimposed upon the electron drift velocity with respect to the ions.
Such an integration changes the result by an amount which is probably less than an
order of magnitude. The effect of this distribution is expected to increase the noise
generated because of the relatively greater contributions made by the electrons
with relatively lower velocities. The expression in (164) is more appropriate for

an ion exhaust beam cian for a thermal distribution because it consists essentially

of a thermal distribution superimposed on the average exhaust velocity where the
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mean thermal speed is small compared to the average relative drift speed.

The straight line trajectory approximation requires the introduction of a lower

limit on the allowable collision parameter range in order to make the integrals
involved in the approximation convergent. Less exact approaches than the one
followed here even require an upper limit to be inserted in order to avoid a divergent
integral. The upper limit is usually set either by the Debye shielding distance or

the plasma dimensions, whichever is §ma11er. The lower limit may be set by
quantum mechanical deviations from classical causality or by the charged particle's

equivalent structure.

Examination_of (164) indicates p; goes to infinity as Voo goes to zero. This
clearly violates conservation of energy. However, the straight line trajectory approx-
imation does not apply in this case since the smaller the electron e‘nergy the greater
the deflection angle. Examination of Fig. K.2 gives a rough indication of the range
of electron energies and collision parameters for which the straight line trajectory
is valid. The deflection angles, for the lower allowable parameter range, are too .
large for the straight line trajectory to apply. Since the result is so sensitive to
the lower bound of collision parameters the effect of the significant deviation from

a straight line trajectory should be more accurately considered.
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